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FOREWORD

We take great pleasure in presenting this book of mathematics to the
students of polytechnic colleges. This book is prepared in accordance with the
new syllabus under ‘M” scheme framed by the Directorate of Technical
Education, Chennai.

This book has been prepared keeping in mind, the aptitude and attitude of
the students and modern method of education. The lucid manner in which the
concepts are explained, make the teaching and learning process more easy
and effective. Each chapter in this book is prepared with strenuous efforts to
present the principles of the subject in the most easy to understand and the
most easy to workout manner.

Each chapter is presented with an introduction, definitions, theorems,
explanation, solved examples and exercises given are for better understanding
of concepts and in the exercises, problems have been given in view of enough
practice for mastering the concept.

We hope that this book serve the purpose keeping in mind the changing
needs of the society to make it lively and vibrating. The language used is
very clear and simple which is up to the level of comprehension of students.

We extend our deep sense of gratitude to Thiru. R. Sornakumar
Coordinator and Principal, Dr. Dharmambal Government Polytechnic College
for women, Chennai and to Thiru P.L. Sankar, Convener and Lecturer / SG,
Rajagopal Polytechnic College, Gudiyattam who took sincere efforts in
preparing and reviewing this book.

Valuable suggestions and constructive criticisms for improvement of this
book will be thankfully acknowledged.

AUTHORS

il



30022 ENGINEERING MATHEMATICS -1
DETAILED SYLLABUS

UNIT—I: ANALYTICAL GEOMETRY

Chapter-1.1 EQUATION OF CIRCLE 5 Hrs.
Equation of circle — given centre and radius. General equation of circle — finding centre
(xl’yl) (leyz)

and radius. Equation of circle on the line joining the points and

as diameter. Simple Problems.

Chapter - 1.2 FAMILY OF CIRCLES 4 Hrs.
Concentric circles, contact of two circles(Internal and External) -Simple problems.
Orthogonal circles (results only). Problems verifying the condition .

Chapter - 1.3 INTRODUCTION TO CONIC SECTION 5 Hrs.

Definition of a Conic, Focus, Directrix and Eccentricity. General equation of a conic

ax? +2hxy+by2 +2gx+2fy +c=0

(statement only). Condition for

a=>b h=

conic (i) for circle: and (ii) for pair of straight line:

a h g

h b f|=0

2
c h= —ab=0

£ f (iii) for parabola:
,  h2—ab<0 W —ab>0
(iv) for ellipse: and (v) for hyperbola: . Simple
Problems.
UNIT ll: VECTOR ALGEBRA -1
Chapter-2.1 VECTOR - INTRODUCTION 5 Hrs.

Definition of vector - types, addition, and subtraction of Vectors, Properties of addition
and subtraction. Position vector. Resolution of vector in two and three dimensions.
Directions cosines, Direction ratios. Simple problems.

Chapter-2.2 SCALAR PRODUCT OF VECTORS 5 Hrs.
Definition of Scalar product of two vectors — Properties — Angle between two vectors.
Simple Problems.

Chapter-2.3 APPLICATION OF SCALAR PRODUCT 4 Hrs.
Geometrical meaning of scalar product. Work done by Force. Simple Problem:s.

UNIT Illl: VECTOR ALGEBRA -l

Chapter-3.1 VECTOR PRODUCT OF TWO VECTORS 5 Hrs.
Definition of vector product of two vectors. Geometrical meaning. Properties — Angle
between two vectors — unit vector perpendicular to two vectors. Simple Problems.

Chapter - 3.2  APPLICATION OF VECTOR PRODUCT OF TWO VECTORS & SCALAR
TRIPLE PRODUCT 5 Hrs.
Definition of moment of a force. Definition of scalar product of three vectors —
Geometrical meaning — Coplanar vectors. Simple Problems.
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Chapter -3.3 VECTOR TRIPLE PRODUCT & PRODUCT OF MORE VECTORS 4 Hrs.
Definition of Vector Triple product, Scalar and Vector product of four vectors Simple Prob-

lems.
UNIT IV: INTEGRAL CALCULUS -1
Chapter-4.1 INTEGRATION — DECOMPOSITION METHOD 5 Hrs.

Introduction - Definition of integration — Integral values using reverse process of differen-

tiation — Integration using decomposition method. Simple Problems.
Chapter-4.2 INTEGRATION BY SUBSTITUTION 5 Hrs.

f@,
T s ne =1 foo

Integrals of the form and
[FLf(0lf" ()dx
. Simple Problems.
Chapter -4.3 STANDARD INTEGRALS 4 Hrs.
i dx | dx | dx
2 2 2 2 2 2
+ _ —
Integrals of the form a *x , * a and a o Simple Problems
UNIT V: INTEGRAL CALCULUS -1I
Chapter - 5.1 INTEGRATION BY PARTS 5 Hrs.
. nx n
[xsinnxdx [xcosnxdx [xe""dx [x" logxdx
Integrals of the form , , , and
Chapter - 5.2 BERNOULLI’'S FORMULA 4 Hrs.
jxm sinnxdx fxm cosnxdx jxm e dx
Evaluation of the integrals , and where
m <2
using Bernoulli’s formula. Simple Problems.
Chapter-5.3 DEFINITE INTEGRALS 5 Hrs.

Definition of definite Integral. Properties of definite Integrals - Simple Problems.
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DETAILED SYLLABUS

UNIT—I: PROBABILITY DISTRIBUTION - |
Chapter - 1.1 RANDOM VARIABLE S5Hrs.
Definition of Random variable — Types — Probability mass function —Probability density

function. Simple Problems.
Chapter - 1.2 MATHEMATICAL EXPECTATION 4Hrs.

Mathematical Expectation of discrete random variable, mean and variance. Simple

Problems.
Chapter - 1.3 BINOMIAL DISTRIBUTION SHrs.
X n—x
. e P(X=x)= anpq
Definition of Binomial distribution where
x=0,1,2,...... . _ _

Statement only. Expression for mean and variance. Simple Prob-

lems.

UNIT—II: PROBABILITY DISTRIBUTION - I

Chapter - 2.1 POISSION DISTRIBUTION 5 Hrs.

e_/1 AX

Definition of Poission distribution where

(statement only). Expressions of mean and variance. Simple Problems.

Chapter-2.2 NORMAL DISTRIBUTION 5 Hrs.
Definition of normal and standard normal distribution — statement only. Constants of
normal distribution (Results only). Properties of normal distribution - Simple problems
using the table of standard normal distribution.

Chapter - 2.3 CURVE FITTING 4 Hrs.
Fitting of straight line using least square method (Results only). Simple problems.
UNIT Il : APPLICATION OF DIFFERENTIATION

Chapter — 3.1 VELOCITY AND ACCELERATION 5 Hrs.
Velocity and Acceleration — Simple Problems.

Chapter-3.2 TANGENT AND NORMAL 4 Hrs.
Tangent and Normal — Simple Problems.

Chapter - 3.3 MAXIMA AND MINIMA 5 Hrs.

Definition of increasing and decreasing functions and turning points. Maxima and

Minima of single variable only — Simple Problems.
UNIT IV: APPLICATION OF INTEGRATION -1

Chapter-4.1 AREA AND VOLUME 5 Hrs.
Area and Volume — Area of Circle. Volume of Sphere and Cone — Simple Problems.
Chapter - 4.2 FIRST ORDER DIFFERENTIAL EQUATION 5 Hrs.

Solution of first order variable separable type differential equation .Simple Problem:s.
Chapter - 4.3 LINEAR TYPE DIFFERENTIAL EQUATION 4 Hrs.

Solution of linear differential equation. Simple problems.
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UNIT V : APPLICATION OF INTEGRATION — I

Chapter — 5.1 SECOND ORDER DIFFERENTIAL EQUATION -1 4 Hrs.
Solution of second order differential equation with constant co-efficients in the form

d? d
at Y p o cy =0
dx2 dx a, b C .
where and are constants. Simple Problems.
Chapter-5.2 SECOND ORDER DIFFERENTIAL EQUATION - II 5 Hrs.
Solution of second order differential equations with constant co- efficients in the form
d? d
a—g +p% +cy = f(x)
dx dx s C
where and are constants and
f(x) =ke™

. Simple Problems.
Chapter - 5.3 SECOND ORDER DIFFERENTIAL EQUATION - I 5 Hrs.

Solution of second order differential equation with constant co-efficients in the form

2
au +bQ +cy = f(x)
dx2 dx s C
where and are constants and
f(x) = ksinmx cosmx

ork . Simple Problems.
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UNIT -1 |

ANALYTICAL GEOMETRY

1.1 Equation of Cricle

Equation of circle given centre and radius. General equation of circle finding centre and radius.
Equation of circle on the line joining the points (x,, y,) and (x,, y,) as diameter. Simple problems.

1.2 Family of Circles:

Concentric circles, contact of two circles (internal and external). Simple problems, Orthogonal cir-
cles (results only), problems verifying the condition.

1.3 Introduction to conic section:

Definition of a conic, Focus, Directrix and Eccentricity, General equation of a conic ax* + by* + 2hxy
+ 2gx + 2fy + ¢ = 0 (Statement only). Condition for conic (i) for circle : a=b and h = 0.

a h g
(ii) for pair of straightline [h b f|=0
g f ¢

(iii) for parabola : h>—ab=0 (iv) for ellipse : h? —ab <0
(v) for hyperbola : h> —ab > 0 — Simple problems.

1.1 EQUATION OF CIRCLE

Definition:

A circle is the locus of a point which moves in a plane such that its distance from a fixed point is
contant. The fixed point is the centre of the circle and the constant distance is the radius of the circle.

1.1.1 Equation of the circle with centre (h, k) and radius 'r' units:
Given: The centre and radius of the circle are (h, k) and 't units. Let P (x, y) be any point on the circle.

From Fig.(1.1) Px.y)

CP=r
Jx—h)+(y-k)? =r

(x—h)y+ (y-k)}?=r?
Note:

(Using distance formula)

(1) Fig.(1.1)

The equation of the circle with centre (0, 0) and radius 't units is x* + y> =12
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1.1.2 General Equation of the circle:
The General Equation of the circle is
x*+y*+2gx +2fy +¢=0
Add g%, f on both sides
x?+2gx + gty +2fy+ =g+ f—c¢
x+grt@ytiy=g+f-c

o +ly-COF =& P | 3
Equation (3) is of the form equation (1)

The equation (2) represents a circle with centre (— g, — f) and radius /g’ + > —c .
Note:

2

1. In the equation of the circle co-efficient of x? = co-efficient of y*.

2. Centre of the circle = [—%co—efﬁcient of x, — %co—efﬁcient of y}

3. radius of the circle /g’ + > —c .

1.1.3 Equation of the circle on the line joining the points (x, y,) and (x,, y,) as diameter.

Let A(x,, y,) and B (x,, y,) be the given end points of a diameter. Let P (x, y) be any point on the
circle.
P(x,y)
" Angle in a semi-circle is 90°
. ZAPB =90° A(x,y) C B (x,,y,)
= AP 1 BP

(Slope of AP) (Slope of BP)=-1.
(y=y)(y-¥)
PEY ey
Y-y)(y-y)=—x-x)(x-x)
x—=x)(x=-x)+(y-y)(y-y)=0
This is the Diameter form of the equation of a circle.
PART -A
1. Find the equation of the circle whose centre is (— 1, 2) and radius 5 units.
Solution:
Equation of the circle is
x-hY+(y-k)’=r*|(-,2),r=5
x+1)*+(y-2)=5 | (h,K)
xX2+2x+1+y*—4y+4=25
X2 +y*+2x—-4y—-20=0
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2. Find the centre and radius of the circle
X2 +y?—4x+8y—-7=0
Solution:
Centre =C (-g,-f) | 2g=-4,2f=8, c=-7
=C(2,-4) |g=—=2 f=4

r=+g’+f —c¢
=Je2+ @ =)
_Jar16+7

=27

3. Obtain the equation of the circle on the line joining (- 1, 2) and (- 3, 5) as diameter.

Solution:

Equation of the circle is
x—=x)(x=-x)+(y-y)(y-y)=0
E+D)E+3)+y-2)(y-5=0
xX*+4x+3+y*—T7y+10=0
xXX+y?+4x—Ty+13=0
PART - B
1. Find the equation of the circle passing through (2, 1) and having its centre at (— 3, — 4).

Solution:

r=J(-3-2)+ (-4-1)

=25+25

_ 50
Equation of the circle (x —h)*+ (y —k)* =12
(x+3)+ (y + 47 = (/50 )
xX2+6x+9+y?+8y+16=50
X2 +y?+6x+8y—25=0

2. Show that the line 4x — y = 17 is the diameter of the circle x> + y> — 8x + 2y + 3 =0.
Solution:
xX*+y?-8x+2y+3=0 N
Centre = C (-g, —f) | 2g= -8, 2f=2
=C@4,-D g=-+4 f=1

Putx=4,y=-1in

4x —y=17

4@ -(-)=17

16+1=17

17=17

. (4,—1) lies on the line 4x —y = 17.

.. 4x —y = 17 is the diameter of the circle.

N
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3. Find the centre and radius of the circle 4x? + 4y* — 8x + 16y + 19 = 0.
Solution:

4x*+ 4y —8x + 16y +19=0
Divide by 4

1
X’ +y’ —2x+4dy+ ?9= 0

19
Centre = C (-g, —f) | 2g=-2, 2f=4, c= y

=C(1,-2) | g=-1, f=2

r=Jg+f—c= \/(—1)2+(2)2 B J1+4_B= \/20‘19 Y
4 4 4 4 2
PART - C
1. Find the equation of the circle, two of whose diameters are x +y =6 and x + 2y =4 and whose radius
is 10 units.
Solution:
x+ty=6 ——(1)

Xx+2y=4 —(2)
-2 = —y=2 ..y=-2 P(x,}’)
Substitute y =—2 in (1) ‘ N
x+(=2) =6
X =6+2
X =8
Centre = C (8, -2)
Equation of the circle h,k=8,-2
x—hP+(y-k?=r r=10
(x =8y +(y+27=10°
x> —16x + 64 +y>+4y +4 =100
xX*+y*—16x +4y-32=0

7

2. Show that the point (8, 9) lies on the circle x> + y? — 10x — 12y + 43 = 0. Find the co-ordinates of the
other end of the diameter of the circle through this point.

Solution:

Putx=8,y=9in

x2+y?—10x— 12y +43=0 (8,9)

(8) +(9)* — 10(8) — 12(9) + 43 =0 A w B(.y)
64+81—80—108+43=0

188 ~188 =0

0=0

(8, 9) lies on the circle x> + y*> —10x — 12y + 43 = 0.
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5

2g=-10
Centre=C (-g-f) | g=-5
=C(5,6) |2f=-12
f=-6

Centre C is the mid point of diameter AB.
8 9
.-.(5,6){ LIl y}

2 2
ie5=StX g 0Ty
2 2
10= 8+ x, 12=9+y
xX=2, y=3

.". The other end of the diameter is (2, 3).
Note:

(i) If(x,,y,) lies on the circle x> + y* + 2gx + 2fy + ¢ = O then x * + y * + 2gx + 2fy + ¢ =0.

(ii) If (x,, y,) lies outside the circle x * +y >+ 2gx, + 2fy +¢>0.
(iii) If (x,, y,) lies inside the circle, then x > +y >+ 2gx, + 2fy +¢ <0

1.2 FAMILY OF CIRCLES

1.2.1 Concentric Circles:

Two or more circles having the same centre but differ in radii are called concentric circles.

For examples: 7
X2+ y2+2gx +2fy +¢=0 '

X2+ y?+2gx +2fy +p=0 “
x2+y?+2gx +2fy+q=0

are concentric circles which have same centre (— g, — f).

Fig.1.2.1
Note: Equation of concentric circles differ only by the constant term.

1.2.2 Contact of circles:
Case (i)

Two circles touch externally if the distance between their centres is equal to sum of their radii.
Lecc,=r +r,.

Fig.1.2.2
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Case (ii)

Two circles touch internally if the distance between their centres is equal to difference of their ra-
dii.

1.€ clcz = I'1 - I'2 or I'2 - I'1

Fig.1.2.3

1.2.3 Orthogonal Circles:

Two circles are said to be orthogonal if the tangents at their point of intersection are perpendicular
to each other.

Condition for two circles to cut orthogonally. (Results only).

Let the equation of the circles be

X*+y* +2gx+2fy+c =0

X*+y*+2gx+2fy+c, =0

Let the circles cut each other at the point P.
The centres and radii of the circles are A (=g, —f,), B(-g,, -f))

r,=AP= \]g12+f12_cl » L,=PB= Je, '+ —c, -

From fig.(1 2 4) APB is a right angled triangle.

AB?=AP? + PB?

(g + g2)2 NG fz)2 - g12 + flz ¢t gz2 + fgg/: G,

g12 + gzz - 2g1g2 + f12 + fz2 a 2f1f2 = glz + f12 ¢t g22 + fz2 )

-2gg, —2ff, =-c ¢,
2g.g,+ 2f1f2 =c te,

This is the required condition for two circles to cut orthogonally.

Note:

When the centre of any one circle is at the origin then condition for orthogonal circles is ¢+ ¢,= 0.
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PART - A

1. Find whether the circles x* + y? — 4x + 6y + 8 =0 and x* + y> — 4x + 6y — 8 = 0 are concentric.

Solution:
From the two given equations of the circles we observe that the constant term alone differs i.e with
the same centre. (2, — 3).
.". The given circles are concentric circles.
2. Find the distance between the centres of the circles x? + y? —4x — 6y + 9 = 0 and
x2+y?+2x +2y—7=0.
Solution:
xX*+y’—4x—-6y+9=0and x* +y* +2x + 2y - 7=0.
2g,=-4,2f,=-6 | 2g,=2, 2f,=2
g=-2 f=-3| g=1 f,=1

Centres: ¢ (2, 3) c,(=1,-1)
Distance ¢,c, = y/(2+ 1) + 3+ 1)°

=+9+16
=5
3. Find the equation of the circle concentric with the circle x* + y* + 5 = 0 and passing through (1, 0).

Solution:
Equation of the circle concentric with
xX2+y?+5=0is
x*+y*+k=0
Putx=1landy=0inx*+y*+k=0
(1+0+k=0
k=-1
SoxPtyr-1=0
which is the required equation of the circle.

4. Verify whether the circles x> + y*> + 10 = 0 and x*> + y*> — 10 = 0 cut orthogonally.

Solution:
When the centre of any one of the circle is at the origin then
Condition for orthogonallity ¢ +c¢,=0
i.e10-10=0
0=0
". The circles cut orthogonally.
PART - B
1. Find the equation of the circle which is concentric with the circle x> + y> — 8x + 12y + 15 = 0 and
passes through (5, 4).
Solution:

Equation of the concentric circle be
xX2+y?-8x+ 12y +k=0 —F— ()
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Putx=5y=—-41in(1)
X2+y?—8x+12y-29=0
5)*+@)y-803)+12(4)+k=0
25+16-40+48+k=0
29+k=0
k=-49

.". The required equation of the circle is x* + y> — 8x + 12y — 49 = 0.

2. Find the equation of the circle concentric with the cicle x> + y> + 3x — 7y + 1 = 0 and having radius
5 units.

Solution:
Centre of the circle x> +y*+3x -7y + 1 =01is [_—3, Zj

22
.. Centre of the concentric circle is [7, Ej amd radius 5 units.

Equation of the circle
(x-h)+(y-k)’=r’ (3 7)
—— |, I'=
2°2

(X+%]2+(y‘92=52 (4.K)

9 49
X +—=+3x+y —Ty+—=25
4 YTy

4x*+4y* +12x — 28y —42=0
3. Show that the circles x? + y? — 8x + 6y —23 = 0 and x> + y? — 2x — 5y + 16 = 0 are orthogonal.
Solution:
x2+y?—8x+6y—23=0and x*+y*-2x -5y +16=0
g =-4,1=3¢=-23, g=-11=-572¢=16
Condition for orthogonallity
2g g +2ff,=c +c,
2 4)(-1)+ 2(3)(-%): 23+16
8—15=-7
7=-7
.". The circles cut orthogonally.
PART - C
1. Show that the circles x> + y? — 4x + 6y + 8 = 0 and x? + y?> — 10x — 6y + 14 = 0 touch each other.
Solution:
xX2+y?—4x+6y+8=0and x> +y*— 10x — 6y + 14=0
c, (2,-3) c,(5,3)
r,= /(-5 + (-3)° — 14
L= \/W =20
=5 =245
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0,c, = \(2-5) + (-3-3)
=9+ 36
=45
=35
GG, =L+,

.". the circles touch each other externally.
2. Show that the circles x> + y> — 2x + 6y + 6 = 0 and x*> + y*> — 5x + 6y + 15 = 0 touch each other.

Solution:
X*+y? =2x+6y+6=0|x*+y" —5x+6y+15=0 NE
c(1,-3) (5 s
C,=|—=,—
=41+ (3)-6 [3j2
=J1+9-6 r, = %+915 2

= 3
\/Z 25 CC, ==
r1:2 = ——6 2
4 1
1 L-I,=2-—
I'ZZE 2
_4-1 3
2 2
=C,C

.". the circles touch each other internally.

1.3 INTRODUCTION TO CONIC SECTION

1.3.1 Definitions
Conic

A conic is defined as the locus of a point which moves such that its distance from a fixed point is
always 'e' times its distance from a fixed straight line.

Focus:

The fixed point is called the focus of the conic.
Directrix:

The fixed straight line is called the directirx of the conic.

Eccentricity:

The constant ratio is called the eccentricity of the conic. M

From Fig.(1.3)
S is the focus line XM is the Directrix 'e' eccentricity of the conic then*
SP
—=c .
PM Fig.(1.3)

S
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This is known as Focus-Directrix property.
Note:

(1) Ife <1, the conic is called an ellipse.
(i) Ife =1, the conic is called a parabola.
(ii1) Ife> 1, the conic is called a hyperbola.
1.3.2 General equation of a Conic:
Let the focus be S (x,, y,) and the directrix be the line ax + by +¢ = 0.
P (x, y) be any point on it From Fig.(1.3)

SP=(x—x,)+(y-y,)’

Perpendicular distance of P from ax + by + ¢ =0 is

N ax+ by+c
Va’+b’

Always, SP
PM

= e (eccentricity of the conic)

Jx-x)+(y-y)

T ax+by+c a
Va’+b’

Squaring on both sides

2 2
[J(xxl)%(yyl)z}:e{w}

a’+b’
on simplification we get an equation of the second degree of the form.
ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0.
.". The equation of any conic is of second degree in x and y.
Note:

Any equation of second degree in x and y represents any one of the following curves.
The general form of equation of the second degree (or) General equation of a conic.
ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents
(1) acircleifa=bandh=0.

a h g
(ii) a pair of straight lineif |, b f|=0-

g f ¢

(or) abc + 2fgh — af> — bg? — ch? = 0.
(iii) a parabola if h* = ab.
(iv) an ellipse if h? < ab.
(v) ahyperbola if h* > ab.
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PART - A
1. Show that x? - 4xy + 4y? — 24x — 12y + 24 = 0 represents a parabola.
Solution:
Condition for a second degree equation to represent a parabola is h? = ab.
h*=ab 2h=-4, a=c, b=4
(2P=((#) | h=-2
4=4
.". The given equation represents a parabola.

2. Show that the x* + y* — 4xy + 4x — 4 = 0 represents a hyperbola.

Solution:

Condition for General equation of a conic to represent a hyperbola is h?> —ab > 0.

h®=ab a=b=1, 2h=-4
= (=2’ - h=-2
=4-1
=3>0

.". The given equation represents a parabola.
3. Show that 5x> + 5y? + 2x +y + 1 = 0 represents a circle.
Solution:

Condition for conic to represent a circle is
a=bandh=0
a=b=5andh=0
.". The given equation represents a circle.
PART - B
1. Find the equation of the parabola whose focus is the point (2, 1) and whose directric is the straight
line2x +y+1=0.
Solution:

For parabolae = 1.

Given: Focus is S (2, 1) and directricis 2x +y + 1 = 0. M
P (xy)
(=)
Il
SP -
Always —=¢=1 n
PM e
Jx -2+ (y-1) 1 d S(2.1)
X

+ 2x+y+1

R+ (1)

N
(x—Wﬂy—l)kw

=[x2—4x+4+y? -2y + 1]=4x>+y2 + 1 +4xy + 2y + 4x
5x2—4xy +4y? - 24x — 12y +24 =0



12+ Engineering Mathematics-II

2. Find the equation of the hyperbola whose eccentricity is /3 , focus is (1, 2) and directrix 2x +y=1.

Solution:
SP
Always —=¢:
PM

Given e = +/3 focus S (1, 2) directrix 2x + y = 1. Let P (x, y) be any point on the hyperbola.

SP? = ¢ PM? M P (x.y)
2
(x—1)%+(y-2)*=3 2xt+y-1 W
V@) + () v
e
x?=2x+1+y’ —dy+ 42@ S(1.,2)
X

52+ -2x—4y+5)=3 (4x2+y>+ | +4xy — 2y — 4x)
7x2+ 12xy 2y? —2x + 14y —22=0

PART -C
1. Show that the equation 12x* + 7xy — 10y? + 13x + 45y — 35 = 0 represents a pair of st.lines.

Solution:

Condition for a second degree equation to represent a pair of straight line.

a h g 2a 2h 2g
h b f{=0(r)|2h 2b 2f|=0
g f ¢ 2g 2f 2c

12x% + 7xy — 10y> + 13x + 45y - 35 =0
a=12, 2h=7, b=-10, 2g=13, 2f=45 c=-35

2a=24 2b=-20
24 7 13
7 20 45
13 45 70

=24 (1400 — 2025) — 7 (— 490 — 585) + 13 (315 + 260)
=24 (- 625) — 7 (-1075) + 13 (575)

= 15000 + 7525 + 7475

=0

.". The given equation represents a pair of straight line.
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2. Find the value of 'k' when the equation 3x? + 7xy + 2y* + 5x + Sy + k = 0 may represent a pair of
straight line.

Solution:

Let the given equation represent a pair of straight line.

Condition:

a h g 2a 2h 2g

h b f|=0(r)|2h 2b 2f|=0

g f ¢ 2g 2f 2c

3x2+ 7xy + 2y*+ 5x + 5y +k=0

a=3 2h=7 b=2 2g=5 2f=5 c=k
2a=06 2b=4 2c =2k
6 7 5

7 4 5|=0

5 5 2

6 (8k—25)—7 (14k —25)+5(35-20)=0
48k — 150 — 98k + 175 +75=0
—50k +100=0
—50k=-100
k=2
EXERCISE
PART - A
1. Find the equation of the circle whose centre and radius are given as
(1) (3,2);4units (ii) (- 5, 7), 3 units (iii) (= 5,—4) ; Sunits  (iv) (6, —2), 10 units
2. Find the centre and radius of the circle (x + 5)* + (y —2)*=17.

3. Find the centre and radius of the following circles:

) x*+y*—12x—-8y+2=0 (i) x*+y*+7x+5y-1=0
(iii) 2x* + 2y —6x + 12y —4=0 (iv) x> +y?> =100
4. Find the equation of the circle described on line joining the following points as diameter.
(1) (3,5 and (2,7) (i1) (= 1, 0) and (0, — 3)
(ii1) (0, 0) and (4, 4) (iv) (- 6,—2) and (—4,-78)

5. Find the distance between the centres of the circles.
()x*+y*—8x2y+16=0and x> +y>—4x—4y—-1=0
(i) x*+y*—2x+6y+6=0and x*+y*-5x+ 6y +15=0
6. State the conditions for two circles to touch each other externally and internally.
7. Find the constants g, f, and c of the circles x> + y> -2x + 3y -7=0and x> + y> + 4x — 6y + 2 =0.
8. Find the equation of the circle concentric with the circle x* + y? + 3 = 0 and passing through (1, 1).
9. Show that the circles x* +y?+x+y+ 1 =0and x> +y*+ x+y—5=0 are concentric.

10. Show that 2x* — 8xy + 8y? + 3x + 5y + 1 = 0 represents a parabola.
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11. Show that 2x* — 16xy + 8y? —y + 3 = 0 represents a hyperbola.

12. Show that x*> + 2xy + 3y* + x —y + 1 = 0 represents an ellipse.

13. Define conic and write the focus-directrix property.

PART - B
Find the equation of the circle passing through (1, — 4) and having its centre at (6, — 2).
Show that the line x + 2y + 5 = 0 passes through the centre of the circle x> + y> — 6x + 8y = 0.
Find the equation of the circle concentric with the circle x* + y> — 2x + 5y + 1 = 0 and passing
through the point (2, —1).
Find the equation of the circle concentric with the circle x> + y? + 8x — 4y — 23 = 0 and having radius
3 units.
Find the equation of the ellipse whose focus is (— 1, 1), eccentricity is 1/2 and whose directrix is
x—-y+3=0.
Find the equation of the parabola with
(1) focus (1,—1) and directrix x —y =0
(i) focus (0, 0) and directrix x —2y +2 =0
(ii1) focus (3, —4) and directrix x -y +5=0
PART - C

Find the equation of the circle on the line joining the points (2, 3), (— 4, 5) as diameter. Also find the
centre and radius of the circle.

Show that (7, — 5) lies on the circle x> + y* — 6x + 4y — 12 = 0. Find the other end of the diameter
through it.

3x —y+5=0and 4x + 7y + 15 = 0 are the equations of two diameters of a circle radius 4. Write
down the equation of the circle.

Find the equation of the circle passing through the point (2, 4) and has its centre at the intersection
ofx—y=4and 2x + 3y ="7.

Find the equation of the circle two of whose diameters are x + 2y + 1 =0, y = x + 7 and passing
through the point (— 2, 5).

Show that the following circles touch each other:

(1) xX2+y?-25=0and x> +y?>— 18x + 24y + 125=0

(1) x> +y*+2x—4y—-3=0and x*+y*—8x +6y+7=0

(i) x2+y?-2x+6y+6=0andx>*+y*-5x+6y+15=0

Show that the following circles cut orthogonally.

(1) x> +y*—8x—-2y+16=0andx*+y’—4x—4y—-1=0

(1) xX2+y?+4x+2y—-5=0and x> +y?+6x— 10y +7=0

Show that the following conic equation represents a pair of straight line.

(i) 9x>*—6xy +y>+ 18x -6y +8=0

(ii) 9x2 + 24xy + 16y* + 21x + 28y + 6 =0

(i) 4x*+4xy +y>—6x—3y—-4=0

If the equation 2x? + 3xy —2y? — 5x + 5y + ¢ = 0 represents a pair of straight line. Find the value of
c.
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10. Find the equation of the ellipse whose

(1) focus (1, 2), directrixis2x -3y +6=0,¢e=

w |

5
(i1) focus (0, 0), directrix 3x +4y—-1=0,e= I’

1
1i1) focus (1, —2) directrix 3x 2y+1=0,e= —=
(iii) ( ) y N

11. Find the equation of hyperbola with (i) focus (2, 2), e = % and directrix 3x — 4y = 1.

(i) focus (0,0)e= % and directrix X cos o + y sin o = p.

(ii1) focus (2, 0) e =2 and directrix x =y = 0.

ANSWERS
PART - A
. )x*+y’—6x—4y—-3=0 (i) x*+y*+10x— 14y +65=0
(i) X2+ y2+ 10x + 8y + 16 =0  (iv) X’ +y’— 12x+4y —60=0
2. (52,7
3. (i) (6,4), \/50 (i1) (_—7,_—5)@ (ii1) [35_3)@ (iv) (0, 0), 10
22 2 2 2
4. (1) x*+y*-5x— 12y +41=0 (i) x> +y*+x+3y=0
(iii) x> +y>—4x—4y=0 (iv) x*+y*+10x+ 10y +40=0
OINCIN G
7. g,=-1, fl=%, c,=-7, g=2, f=-3, ¢,=2 8. x2+y?—z=0
PART - B
l. x> +y*—12x+4y+11=0 2. X +y’=2x+5y+4=0
4, x> +y*+8x—4y+11=0 5. Tx*+2xy + Ty*+ 10x — 10y +7=0

6. () X2+ 2xy+y*—4x+4y+4=0 (ii) 4x> +4xy +y?> —4x + 8y —4 =0(iii) x>+ 2xy +y*—22x +
26y +25=0

PART -C
1 X2+y*+2x -8y +7=0, (-1,4), J10 2.-1L1)
3. x2+y +4x+2y—11=0 4. 5x*+ 5y’ —38x—2y—-32=0
5. xX3+y*+10x -4y +11=0 6. (i) Externally (i1) Externally (iii) internally

9.¢=-3

10. (i) 101x> + 81y2 + 48xy — 330x — 324y + 441 = 0
(i) 27x2+20y*—24xy + 6x + 8y —1=0
(iii) 17x*+22y? + 12xy — 58x + 108y + 129 =0

11. (i) 9x2+216xy — 44y> — 346x — 472y + 791 = 0
(i) 16 (x*+y*)—25(xcosa+ysina—P)y*=0
(iii) x*+y*—4xy+4x—-4=0



UNIT - II |

VECTOR ALGEBRA-I

2.1 Introduction:

Definition of vectors — types, addition and subtraction of vectors, Properties of addition and
subtraction, Position Vector, Resolution of vector in two and three dimensions, Direction cosines,
direction ratios — Simple problems.

2.2 Scalar Product of Vectors:

Definition of scalar product of two vectors — Properties — Angle between two vectors — Simple
Problems.

2.3 Application of Scalar Product:

Geometrical meaning of scalar product. Workdone by Force — Simple Problems.

2.1 INTRODUCTION

A scalar quantity or briefly a scalar, has magnitude, but is not related to any direction in space.
Examples of such are mass, volume, density, temperature, work, Real numbers.

A vector quantity, or briefly a vector, has magnitude and is related to a definite direction in space.
Examples of such are Displacement, velocity, acceleration, momentum, force.

A vector is a directed line segment. The length of the segment is called magnitude of the vector. The
direction is indicated by an arrow joining the initial and final points of the line segment. The vector AB,

i.e, joining the initial point A and the final point B in the direction of AB is denoted as AB . The magni-
tude of the vector AB is AB = |A‘B) |.
Zero vector or Null vector:

A zero vector is one whose magnitude is zero, but no definite direction associated with it. For ex-
ample if A is a point, AA is a zero vector.

Unit Vector:

. . . . - . . . .
A vector of magnitude one unit is called an unit vector. If a is an unit vector, it is also denoted as
~ b ~ p— g —
a-ie lal=la =1

Negative Vector:

— N —>
If AB is a vector, then the negative vector of AB is BA . If the direction of a vector is changed, we
can get the negative vector.

—

i.e, BA=— AB



Equal vectors:

Two vectors are said to be equal, if they have the same magnitude and the same direction, but it is
not required to have the same segment for the two vectors.

For example, in a parallelogram ABCD, ATg = C‘]>) and H) = ]?C

Addition of two vectors: A
If B‘()Szg , C‘A:E and ﬁzg , then B—C>+ C—Az I;& ie, a+b=c [see
figure]. :
b=

If the end point of first vector and the initial point of the second vector are
same, the addition of two vectors can be formed as the vector joining the initial

point of the first vector and the end point of the second vector. B 2 ¢
Properties of vector addition:
1) Vector addition is commutative i.e, Z+ E: E+ ;1)
2) Vector addition is associative i.e, (§+ g)+ c=a+ (E+ 3) .
Subtraction of two vectors:
. . D C
If AB=a and BC= b,
-5 - - 5 2 > R
a—b=a+(-b) h h
= AB+ CB A s B
= AB+ DA [~ CB and DA are equal]
= DA+ AB [ addition is commutative]
= DB

Multiplication by a scalar:

- - -
If a isagivenvectorandAisascalar,then A a isavectorwhosemagnitudeisi|a |andwhosedirection
- -
isthesametothatof a ,providedAisapositive quantity. IfAisnegative,A a isavector whose magnitudeis

- -
| A | |a | and whose direction is opposite to that of a .
Properties:

- - - - - -
1) (m+n)a =ma +na 2) m(na )=n(ma )=mna
3 m(a+y)=ma +my

h
Collinear Vectors:

— g
If a and b are such that they have the same or opposite directions, they are said to be collinear

- — — -
vectors and one is a numerical multiple of the other, i.e, b =ka or a =kb.

Resolution of Vectors:

— -
Let a , b, » be coplanar vectors such that no two vectors are parallel. Then there exists scalars a
C
and [ such that
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- d
2=aa *+PBb
L. - d - - - -
Similarly, we can get cosntants (scalars) such that a =a'b + ¢ and b=a"c +p"a .

N Ed e .
If a, b, ¢, d are four vectors, no three of which are coplanar, then there exist scalars 1, m, n
such that
— - - -
d =/a +mb+nc,
Position Vector:

If P is any point in the space and 0 is the origin, then 55 is called the position vector of the point
P.

- -
Let P be a point in a plane. Let 0 be the originand i and j the unit vectors along the x and y axes

— -
in that plane. Then if P is (a, B), the position vector of the point P is OP = (x_i) +Bj.

> -

Similarly if P is any point (X, y, z) in the space, i, j ,ﬁ be the unit vectors along the x, y, z
— — - —

axes in the space, the position vector of the point Pis OP =x1i ,y j, zl_<) . The magnitude of OP is

OP=|0OP|= (x*+y’ + 7 .
Distance between two points:

If P and Q are two points in the space with co-ordinates P (x, y,, z,) and Q (x,, y,, z,), then the posii-

ton vectors are OP =x,1,y, ],z k
— - e - P
and OQ=x,1,y,],%k

Now, Distance between the points P & Q is
PQ =[PQ|=]0Q —-OP|
> = >
= |(X2_X]) 1 +(Y2_y1) J +(22_Z])k |
= \/(Xz _X1)2+ (Y2 _Y1)2+ (Zz _21)2

Direction Cosines and Direction Ratios:

Let AB be a straight line making angles a, B, v with the co-ordinates axes x'ox, y'oy, z'0z respec-
tively. Then cos a, cos 3, cos y are called the direction cosines of the line AB and denoted by /, m, n. Let
OP be parallel to AB and P be (x, y, z). Then OP also makes angles a, B, v with x, y and z axes. Now,

OP=r=xX’+y’+27".
X z
Then,cosa=—,cosB=Z,cosy=—.
T r r

Now, sum of squares of the direction cosines of any straight line is

= ()5
Frm'+n°={—| +|=| +|—
T T T

_x2+y2+22_r2_1
T T
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Note:

Let n be the unit vector along OP.

OoP X i+ y?+ zK

Then ,n=
|OP| !
X397, %
r ror

=1+ m§+ nk
Any three numbers p, q, r proportional to the direction cosines of the straight line AB are called the
direction ratios of the straight line AB.

WORKED EXAMPLES
PART - A

> 2 o > 7P —
1. If position vectors of the points Aand Bare21i + j—k and51 +4 jJ+3k, find |AB |.
Solution:

Position vector of the point A,

ie, OA = 2_i) +j—l_<)

Position vector of the point B,
ic, OB=57i+4 -3k

AB= OB-OA
=(5i+47-3K)-Qi + j-K)
=3i+3j-2k

-~ AB=|ABE 3+ 3+ (-2)

=9+ 9+ 4 = /22 units
2. Find the unit vector along 47— 53)+ 7K .

Solution:
Let a=4i-5]+7K
a|= 4+ (-5 + 7
=16+ 25+ 49
=90

C471-5]47K

T

=

5
.. Unit vector along a =

o
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3. Find the direction cosines of the vector 2 i+ 33— 4% .
Solution:
Leta=2i+3 -4k
r=lal=y2'+ 35 (4
_ /B

5
Direction cosines of a are

cosa—i—i
r 29

y 3
cosP=—=—
B r \@
cosy—z— 4
r 29

—

- -
4. Find the direction ratios of the vector i+2 j—k .
Solution:

The direction ratios of _i>+ 23)— E are 1,2,—1.
PART - B

1. Ifthe vectors a= 21— 3? and b= 61+ mj are collinear, find the value of them.

Solution:

a= 27—37 and b= 61+ mj) . By given, Z and b are collinear.

. a=tb

—

a=21-3]
=t(-6i+mj)
21 -3j=-6ti+mt]

Comparing coefficient of Y

2=-6t=>t=—
3

5
Comparing coefficient of ]
—3=mt

el

S.m=9
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2. IfA(2,3,—4)and B (1, 0, 5) are two points, find the direction cosines of AR .
Solution:
By given, the points are

A(2,3,-4)and B (1,0, 5)

.. Position vectors are OA=21+3 j—4k, OA=i+5k

..AB=0B-0A

b

= (i+5K)— (2143 j—4Kk)

- _i-3j+9k

r=|AB|=[C1) + (3 + 9’

=1+ 9+81=/91

—
.". Direction cosines of AB are

COSO= —F—

-3 9
cosP=— CoSy=——
V91 P V91 ! V91

PART -C
1. Show that the points whose position vectors 2Y+ 33— SE ) 3_i>+ 3)— 2E and 6?- 5§+ 7 E are col-
linear.
Solution:

OA = 27435k
OB =3i+ j-2k
OC = 6i-5j+7k
AB = OB - OA
= (3i+ j-2K) - (2i+3 j-5K )
—i-2j+3k
BC = OC - OB
=(6i-5j+7k )—(3i+ j-2k)
_3i-6j+9k
=3(i-2 j+3k)
= 3AB [From (1)
i'ea ﬁ:.:3rB
. AB and BC are parallel vectors and B is the common point of these two vectors.

". The given points A, B and C are collinear.
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2. Prove that the points A (2, 4, —1), B (4, 5, 1) and C (3, 6, — 3) form the vertices of a right angled

isoceles triangle.

Solution:
OA = 21 +4j -k 6§=4T+ST+? O—C=3T+6773?
AB = OB — OA

=(41i+5]+k)—(2i +4j — k)

_21 + T+ 2k

BC = OC — OB
=(31+6j -3k )—(4i +5]+ k)
- —i+ ] -4k

AC= 0OC — OA
=(31+6j -3k )—(2i +4] -k )
=1+2j -2k

Now, AB=|ABE V2% + 17+ 2 = 4+ 1+ 4= /9
BC=|BCE (1) + I’ + (-4) =\l+ 1+ 16 =18

AC=|ACE I’ + 22+ (-2)* =1+ 4+ 4=1/9

AB=AC=+/9=3
& AB?+AC*=9+9=18=BC?
.". Triangle ABC is an isoceles triangle as well as a right angled triangle with A=90°.

3. Prove that the position vectors 4i+ 53)+ 6E ) 5T+ 6§+ 4k and 6i+ 4§+ 5k form the vertices of
an equilateral triangle.
Solution:
Let OA = 4i+5i+6k OB =5i+6j+4k  OC = 6i+4 i+ 5k
A =OB — OA=(57+6j+4Kk)—(4i+5]+6k)
= i+ j-2k
BC = OC — OB =(6i+4 j+5k)—(5i+ 6 i+ 4Kk)
=i-2j+k
AC=0C - OA =(6i+4+5K)~(4i+5 j+6Kk)
—2i-j-k
Now, AB=|AB = /I + "+ (-2)” =/I+ 1+ 4= /6
BC=|BCE P+ (20 + P =I+4+1=+/6
AC=|ACE 2+ 1)+ (1) =4+ 1+ 1= /6

Here, AB=BC =CA= /6
.". The given triangle is an equilateral triangle, [since the sides are equal].
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2.2 SCALAR PRODUCT OF VECTORS OR DOT PRODUCT

B

- -
If the product of two vectors a and b gives a scalar, it is called scalar prod-

- - . - - - -
uct of the vectors a and b and is denotedas a . b (pronounceas a dot b ). N
h
- -
If the angle between two vectors a and b is 0, then

a.b =|a|b|cos0 6
Properties of scalar product: 0 A

e - - -
1. If0isanacute angle a . b is positive and if 0 is an abtuse angle a . b is

>

negative.
2. Scalar product is commutative.
. - - -> - - -> -
ie,a.b =|al|b|cosb=|b|la|cosO=b .a
-
3. If g and b are (non zero) perpendicular vectors, then the angle 6 between them is 90°.
b —|a ||b |cos90°—0[ c0s90°—0]
If a . b =0, either a =0or b 0 or a and b are perpendlcular vector.
". The condition for two pwerpendicular vectors a and b is a . b =0.
-
4. If g and b are paraller vectors, 6 = 0 or 180°.
4 — -
a.b =Ja|b|cosO
> -
=la ||b | ["cos0=1
As a special case, .. ;.;:|Z| |; I=| a I=a’

5. Let OA= a , OB= b . Draw BM perpendicular to OA.
(BM perpendicular to OA)

>l

- -
Let 0 be the angle between a and b .
i.e, BOA=06.

»

N

N
Now, OM is the projection of b on a .
From the right angled triangle BOM,

OM OM
cosf= ——=—
|b]
..OM=|b|cosb
a||b]coso . —
= M [Multiplying Nr and Drby | a |
|a|
ab y
[By definition of scalar product
|a |
o 5 ab
". The projection of b on a = —
la|
a-b

N
Similarly, the projection of ; onb=—
|b]
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6. 1,],K are the unit vectors along the x, y and z axes respectively.
sie1, g, kek=1 [using property 4]
Alsoi-j=j-i=0

j’k=k-j=0 [using property 3]
k-i=1i-k=0
Hence,
ik
i|1l0]o0
Jlol1]0
k|0[0]1

7. If, a , E and Z are three vectors,
a .(E+ 8): g-g+ a-c
8. Ifa= a1Y+ a23+ a3E&F= b1Y+ b23+ b3E
a-b=(a i+a, j+a,k) - (b i+b, j+b,K)
=a,b, T Y+ ab, Y 3—’- a,b, Y E+ a,b, 3 Y+
ab,j -]+ a2b3T k + a;b, kit a;b, k. o+ a;b, k-k
=ab,+0+0+0+a,b,+0+0+0+a;b,
=ab +ab +tab,

9. Angle between two vectors

[By property 6]

Weknow a-b=|a||b|cosb

b
c.cosO= j —
lal|b|
Ifa= a, i+a, jt+a,k&b="b,i+b, j+ b,k
then cosf= Ha-b% _ a,b,+a,b,+a,b,

a|[b| yJal+al+al-Joi+bitb
10. (a+b)=(a+b)-(a+b)=a’+b>+2a -b
11. (a —b)=(a -b)-(a —b)=a’+b>-2a -b
12.(a+b)-(a—b)=a’-b’
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WORKED EXAMPLES
PART - A

1. Find the scalar product of the two vectors 3 i+ 4 j+ 5k and 2i+3 j+ k.

Solution:
Let a=3i+4j+5k
gz 2_i)+ 3;+ E
ab=(i+4]+5K) - Q2i+3]+k)
= 3(2)+ 403)+ 5(1)

=6+12+5
=23

2. Prove that the vectors 3_i>— _j)+ SE and —6 1+ 2 j+ 4k are perpendicular.
Solution:
Let a=3i— j+5k

b=—6i+2 j+ 4Kk
Now, a-b= (31— j+ 5k)-(=6 i+ 2 j+ 4k)

=3(-6)+ (-1)2+ 5(4)

=-18-2+20

=0

—

.". The vectors g and b are perpendicular vectors.
3. Find the value of 'p' if the vectors 21 + pT —k and 3i + 4T+ 2Kk are perpendicular.
Solution:
Let a =21 + pT—?
b =3i+4]+2k
a and 1 are perpendicular
A
ie, 2i+pj —k)-Bi+4j+2k)=0
ie, 23)+ p(4)+ (-1)2=0

ie, 6+4p—2=0
i.e, 4p=2—6:—4
4
p: —_———= —1

4
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PART - B
1. Find the projection of 21 + T+ 2k on i+ 27+ 2k .
Solution:

Let a 21+J+2k

b=1+2j+2k

ol

s — G
Projection of aonb =

=

@i+ j42K) - (i+2 4 2K)
|_i>+23)+21_<>\
241+ 2(2)_ 2+2+4
JPe22e2r l+4+4

_ 8.3
Jo 3
PART - C
1. Find the angle between the two vectors i + T+ % and 3i — T+ 2k .
Solution:
Let a =i+ ]+k
b= 3? —j+2k

a-b=(i+ j+ E)-(ﬁ—}r 2K)
—13)+ 1)+ 1(2)
=3-1+2
—4

I=VE2+ 12+ 12 =43
=43+ )+ 27 =9+ 1+4=414

Let 0 be the angle between Z &b

la
b

c.cosO=

> -

2. Show that the vectors —3 i+2j-k |

1—3 j+5k and 2i+ j—4k form a right angled triangle,
using scalar product.

Solution:

Let the sides of the triangle be
a=-3i+2j-k

b=i-3j+5k

=21+ j-4k
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Now, a-b= (3142 j—k)-(i-3 j+ 5K)

=3+ +2)(3)+ DE)
— 3_6-5-—_14

b o= (i=3j+5K) -2+ j—4Kk)
— 1)+ (3)1+ 5(-4)
—2-3-20=21

Ca= Qi+ j—4K)(3i+2-K)
= 2(-3)+ 1(+2)+ (4)(1)
=—-6+2+4=0

Now, Z a_{z 0 and
ato=(3i+2j-k)+ Qi+ j-4k)
=—-1+3j-5k
=-b
- - - -
.. Thesides a , b and ¢ form a triangle and the angle between a and ¢ is 90° hence right

angled triangle.

3. Prove that the vectors ZT—ZT-‘F k., i+ ZT+ 2k , 21+ 7—2? are perpendicular to each
other. (one another).
Solution:

—2i-2j+k

- -

i+2j+2k

2i+ j-2k

a

b

¢
ab=(2i-2j+ k) -(i+2 j+ 2K)
2(1)+ (=2)2+1(2)= 2= 4+ 2=0

Now,

-

.. a is perpendicular to b

boo=(i+242K) 21+ j—2K)
=1(2)+ 2(1)+ 2(-2)=2+2-4=0
.. b is perpendicular to ¢

Ca=(Qit j-2K)-Q2i-2j+K)
=2(2)+ 1(-2)+(-2).1=4-2-2=0

-, . Ed
.. ¢ is perpendicular to a

.". The three vectors are perpendicular to one another.
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2.3 APPLICATION OF SCALAR PRODUCT

B

D

=
o
v}
>

=
@]

A Force F acting on a particle, displaces that particle from the point A to the point B. Hence the

vector 7 is called the displacement vector d of the particle due to the force F .

The force F acting on the particle does work when the particle is displaced in the direction which

is not perpendiocular to the force F . The workdone is a scalar quantity proportional to the force and
the resolved part of the displacement in the direction of the force. We choose the unit quantity of the
work as the work done when a particle, acted on by unit force, is displaced unit distance in the direction
of the force.

Hence, if F, d are the vectors representing the force and the displacement respectively, inclined
at an angle 0, the measure of workdone is

| F||d]|cosb=F-d
i.e, workdone, W= F - d
WORKED EXAMPLES
PART - A

1. 3i+ ST+ 7k is the force acting on a particle giving the displacement 27 —T+ k . Find the
Workdone.

Solution:
The force F =3i + 57+ 7k
Displacement d=2i - T+ k
.. Workdone, W=F-d=(31 +5] +7k )-(2i —j + k)
=32)+5-D)+7(1)=6-5+7=28
PART - B

1. Aparticle moves from the point (1, —2, 5) to the point (3, 4, 6) due to the force 41 + T 3k acting
on it. Find the workdone.

Solution:
The force F =41 + T 3k
The particle moves from A (1, -2, 5) to B (3, 4, 6).
.. Displacement vector, d=AB
= OB - OA
=(Bi+4j+6k)—(1-2j+5k)
=21 + 6T+ k
. Workdone, W= F - d
=(4i+]j-3k)Qi+6j+k)
=4(2)+1(6)+ (3)1=8+6-3=11
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PART - C

1. If a particle moves from 37 — j + k to 2i —3j + k due to the forces 2i +5j —3k and
41 +3j +2k . Find the workdone of the forces.

Solution:

The forces are E =21 + ST -3k

E=4i +3j +2k
~. Total force, F :E+ F‘2

=(2i+5j -3k )+ (41 +3j+2k )=6i +8j — k
The particle moves from OA = 3] — T+ k to OB=2i —3T+ k
.". The displacement vector,
d=AB=0OB-0A=(2i -3j+k)-(@i - j+k)=—1 -2
.. Workdone, W = F-d

= (61 +8j —k) (=i -27)
6(-1)+ 8(-2) -1(0)=-6-16+0= -22
EXERCISE
PART - A

1. If A and B are two points whose position vectors are . 2T+ 2k and 3i + ST ~7k respec-
tively find AB.

IfOA=1+2]+2k and OB=2i —3j + k , find | AB .

A and B are (3,2, -1) and (7, 5, 2). Find | AB |.

Find the unit vector along 2i — j +4k .

Find the unit vector along 7 + 273 —3k -

Find the direction cosines of the vector 21 — 3T+ 4% .

Find the modulus and direction cosines of the vector 41 —3 + k .

Find the direction cosines and direction ratios of the vector j — 2?+ 3k .

o © N N bk w D

Find the scalar product of the vectors.

()31 +4] -5k and 21 + j + k

()i -j+k and =21 +3] -5k

(ii)i+jand k +1

(iv)i+2j -3k and i -2 + k

10. Prove that the two vectors are perpendicular to each other.
()31 —j+5k and —1 +2j + k_

()81 +7] —k and3i —3j +3k

(i) 1 -3] +5k and —21 +6] +4k

(iv)21 +3j+ k and4i1 -2 -2k
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I1.

12.
13.
14.
15.

w ok

If the two vectors are perpendicular, find the value of p.
(i)pi +3j +4k and 21 +2] -5k

(i) pi+2j +3k and—1 +3] -4k

(iii) 2i +pj — k and3i —4j + k
(iv)i+2j —k andpi + ]

(V)i -2j —4k and2i -pj +3k

Define the scalar product of two vectors Y and ]—; .
Write down the condition for two vectors to be perpendicular.
Write down the formula for the projection of S on %’ .
Ifaforce F acts on a particle giving the displacement d , write down the formula for the workdone
by the force.

PART - B
The position vectors of Aand Bare i +3j —4k and 27 + j —5k find unit vector along AB .
If OA=2i + 37 —4k and OB= + T _ 2k find the direction cosines of the vector ARB .
IfAis (2,3,-1)and B is (4, 0, 7) find the direction ratios of AB.
If the vectors i + 2T+ k and —2i + kT —2K are collinear, find the value of k.
Find the projection of
(i)2i+]j -2k oni —-2j -2k
()31 +4j +12k oni+2]j +2k
(i) j+kon i+ ]
(iv) 81 + 37+ 2k on i+ T+ k
PART - C

Prove that the triangle having the following position vectors of the vertices form an equilateral tri-
angle:

() 41+2 743K, 2143 ]+ 4Kk, 3i+4j+2k
(1) 3i+ j+ 2k, i+2 j+3k, 2i+3 j+k
(i) 2143 j+ 4K, 5i+2j+3k, 3145 j+ 2k

Prove that the triangles whose vertices have following position vectors form an isoceles triangles.

> o5 o

()3i— 2K, 5i+ j—3k, 61— j—k
(i) —71—10K, 4i-9 j—6k, i—6 -6k

(iii) 71+ 10K, 31 -4 j+ 6k, 9i—4 j+ 6k
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10.
11.

12.

13.

14.

15.

Prove that the following position vectors of the vertices of a triangle form a right angled triangle.
)31+ =5k, 4i+3 =Tk, 5i+2 -3k

(i) 27— j+k, 3i—4 -4k, i-3]-5k

(i) 2+ 4 j+ 3k, 41+ -4k, 6i+5 -k

Prove that the following vectors are collinear.

()2i+ j—K, 4i+3]-5k, i+k

(i) i+ 2 j+ 4K, 4148 j+ K, 3146+ 2k

(i) 27— j+ 3K, 3i—5j+ Kk, —i+11]+9k

Find the angle between the following the vectors.

(i)2i-3j+2k and—i+ j—k
(i) 4i+3j+k and2i— j+ 2k

(ii)3i+ j—k and i— j—2k

If the position vectors of A, B and C are _i>+ 23‘)_ E, 2_j>+ 3E’ 3_{_ 3)+ 2E , find the angle between the

vectors ,HB and li?

Show that the following position vectors of the points form a right angled triangle.

(1)3i-2j+k, i—-3j+4k, 2i+ j—4k

(i)2i+4 -k, 4i+5]-k,3i+6 -3k

(iii)3i-2j+k, i—-3j+5k, 2i+ j—4k

Due to the force 21-3 j+ k, a particle is displaced from the point i+ 2 j+ 3k to —2i+4 j+ k.
Find the work done.

A particle is displaced from A (3, 0, 2) to B (— 6, — 1, 3) due to the force F=15i+10 j+ 15k . Find
the work done.

Fz 2Y7 3 j+ 4k displaces a particle from origin to (1, 2, —1). Find the workdone of the force.

Two forces 4Y+ }_ 3E and 3Y+ j_ﬁ displaces a particle from the point (1, 2, 3) to (5, 4, 1). Find
the work done.

A particle is moved from 51— 53— 7K to0 6i+2 J—2k due to the three forces
IOY— 3+ IIE, 4Y+ 53+ 6E and -2 i+ j—9k . Find the workdone.

When a particle is moved from the point (1, 1, 1) to (2, 1, 3) by a force Y+ }4. E , the work done is
4. FInd the value of A.

A force 211+ j+ Ak displaces a particle from the point (1, 1, 1) to (2, 2, 2) giving the workdone 5.
Find the value of A.

Find the value of p, if a force 2_i>— 3_j)+ 4E displaces a particle from (1, p, 3) to (2, 0, 5) giving the
work done 17.
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ANSWERS
PART - A

B 21 - j+4k i+2j-3k
D2T+7 -9k 242  3Ba gL g 1ES) oK

V21 J14

3

6)2 3 4 Ny 3 Lo L 23,
\/E\/E\/E 9m,m>\/% \/ﬁ,\/ﬁ’\/ﬁ”’

9) )5 ii)-10iii)1 iv)-6 11)i)p=7 ii)p=-6 iii)p=% V) p=-2, V)p=5

a.b L
12) [@][b]cos® 13) @ b'=0 14) DR f.d
PART -B
N S 1 -2 2
1-2j-k - £z —
1) NG 2) 730303 3238  4HK=-4,
4 35 1 13
5) 1) — ii)— iii))—= iv)—
)3 DT i)z
PART - C

5) i) Cos™ (_—7} if) Cos™ [—_7 ] iif) Cos™ (i} 6) Cos”' [—20 j
NG T T3 e

914 10) 130 11) 8 12) 40 13) 37 14)A=2 15)A=2 16)p—%



UNIT - III |

VECTOR ALGEBRA - III

3.1 VECTOR PRODUCT OF TWO VECTORS

Definition of vector product of two vectors. Geometrical meaning. Properties — Angle between two
vectors — unit vector perpendicular to two vectors. Simple problems.

3.2 APPLICATION OF VECTOR PRODUCT OF TWO VECTORS & SCALAR TRIPLE PRODUCT

Definition of moment of a force. Definition of scalar product of three vectors — Geometrical mean-
ing — Coplanar vectors. Simple problems.

3.3 VECTOR TRIPLE PRODUCT & PRODUCT OF MORE VECTORS

Definition of Vector Triple product, Scalar and Vector product of four vectors Simple Problems.

3.1 VECTOR PRODUCT OF TWO VECTORS

Definition:
AN
- - s n
Let a and p be two vectors and ‘0’ be the angle between them.
- -
The vector product of a and b is denoted as a x b and it is defined B
-
as a vector |Z| |b|sin ® n where 7 is the unit vector perpendicular ?
- -
to both @ and b such that Z,b , 1 are in right handed system. Thus
- 7 - R
axb=|al||b|sinOn 0
0 a A

The vector product is called as cross product.

Geometrical meaning of vector product

I 5 >
Let OA=a,OB= b and ‘0’ be the angle between a and p . Complete the parallelogram OACB
with O—A and (53) as its adjacent sides.

Draw BN LOA.

From the right angled A ONB.

BN

@=sm9:>BN=OB. sin O

N
= BN=1|pH]sin0

.. - - - - . A
By definition, |a x b|=|a||b|sin6n
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- - - o
= laxbl|=|a||b]|sin0

=0A x BN A
= base x height
= Area of parallelogram OACB. B
—_
N b
So]a x b | = Area of parallelogram with | @ | and | b | as adjacent sides.
1
Also, area of A OAB = 5 (area of parallelogram OACB) /)Y ]
| S O N7 A
> loa *oBl=7 laxb]

Results :

1. The area of a parallelogram with adjacent sides a and Z isA=| axb B

N
2. The vector area of parallelogram with adjacent sides a and p is |Z X B|

1
5
3. The area of a triangle with adjacent sides aand p isA= 5 |§ X B |

—>

1 — — 1 — — .
4. The area of triangle ABC is given by either 5|ABXAC|0r ElBCXBA|or l|CA><CB|-
2

Properties of vector product

1. Vector product is not commutative.

- - d - -
If ¢ and b are any two vectors then a x b # b x ghowever g x p =—(bx 3)

2. Vector product of collinear or parallel vectors:

If ¢ and ; are collinear or parallel then 6 =0, &

For6=0, tthensin® =0

- - - - o n -
~axhp=|laxbl=|lal|b|sinOn =0

ol &I

N -
= axp=
- - . N - -
Thus, a and p are collinear or parallel < a x p =0
N - -
Note:If @ x p = (0 then
N 2.
(i) a is a zero vector and p is any vector.
T > .
(i1) b is a zero vector and a is any vector.

(ii1) a and Z are parallel (collinear)
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3. Cross product of equal vectors

- - - o ~
axa =l|a||lalsino n
- > N
=lallal|(0) n

-
=0

> 2 -
. a x a=0 forevery non zero vector a.

72
4) Cross product of unit vectors 1, j, k

> o o

Let 1, j, k be the three mutually perpendicular unit vectors. The

involvement of these three unit vectors in vector product as
follows : By property(3), 7 7 _ ¢ J % J - 0 kX k= 0
- -
k=1

alson3:|YH§| sin90° k=1.1.1. k k similarly, _] X

J x T = _E’ E x j - _Y Y x E: _} etc. This can be shoron as follows.

X 7 ? T
i 0 K i
i K 0 i
K i i 0

- -
5. If m is any scalar and 2, b are two vectors inclimed at an angle ‘0’ then m Z xphp=m(g x p)=

N -
a>xmp

6. Distributing of vector product nor vector addition :

N

Let a, b, ¢ be any three vectors then

N 2o - 7 - o TP
() ax(b+c)=(a x b)+ (a x c) [Left distributivity]
(i) (b+ ¢)xa=(bxa)+ (¢ xa [Right distributivity]

7. Vector product in determinant from

i j k

- - - - - - - -
Let2=ali +a,i+akand p =b i +b,i +bk thena x p =|& 2 3
bl b2 b3

N
1

= Z xph = i (a2b3 - b2a3) -1 (a1b3 - blaS) + E (a1b2 B blaz)
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8. Angle between two vectors

S5 >

Let a, p be two vectors inclined at an angle ‘0’ then,
- - . A

axp=lal|p|sind n

-

- .
=|a xp|=|al|b|sin®

1

5>
laxDb]|
=sind="_, -
laf[b]
5 >
|axb]|
=0sin! | S5
lal|b]

9. Unit vector perpendicular to two vectors

N
Let a , b be two non zero, non parallel vectors and ‘0’ be the angle between them

- 7 - . A
axp =lallp|sin®n ———(1)
N > >
also, [a xp|=|al|b|sin® ——(2)
- 7 g P
lal|blsinon & xb
(1)—(2):} S S S
|a||blsing 1axD
N -
R axb
=>n= -
laxDb]
N -
X
Note that, — e: E 1s also a limit vector
laxb|

N -
perpendicular to a and b .

.~ Unit vector perpendicular to aand Z are + =+ a_)—XE
laxb]
WORKED EXAMPLES
PART - A

1. Prove that (g + Z) < (a - Z):Z(;X a)
Solution :
LHS.: (a+p)x(d—b)
“dxdx-dxbthxd-b*b
~0+bxa+bxa—0
= 2(bxa)=RHS
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2. Provethatzx(z +Z)+ZX(Z +Z)+ZX(Z+Z):6 .

Solution : LH.S: a X(Z +3)+Zx(3 +Z)+Zx(Z+Z)

—gxptaxctpxctpxa+texatcxp
—axp-cXxdtpxo—daxptoxd-pxc
~ 0 RHS.
3 1fa=21 -] +k,h=1+2] +3k finda x J.
Solution :
FEE
axp =2 -1 1
12 3
Sl ] =2 1] ol2 4
B EREIE 3‘”{1 2‘

= 1(-3-2)-j(6-D+k4E+1)
— i (=5)-j G+ k (5
= axb =-51-5j+5k
4. If|2\=2,|g|=7and|?>< f|=7ﬁndtheanglebetween?and?.

Solution :

We have, sin 0 = =

1
1 = = -l = 0
= sin O > = 0 =sin (2) 30

PART - B

1. Find the area of the parallelogram whose adjacent sides are Y +3 + E and 3_i> - E .
Solution :
= ] K& =3 -
Formula :

The area of parallelogram from whose adjacent sides are

a& Z iIsA= |Zl) x Z\square units,. — (1)
. i j k
Now, ax b =11 1 1
30 4
»11 1| -1 1] =1 1
=1 -] + k
0 4 3 4 30
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=i (-1-0)— j (-1-3)+ k (0-3)

=axb=-1+4j-3k

also, [axb| =~(DF+@) + (=37 = V1+16+9
—laxb|= 26

T
area of parallelogramis |a x b| = /26 square units.

- 2 - > 2 >

2. Find the area of the triangle whose adjacent sidesare 21 —j +k and 31+4] -k
Solution :

- 2 5 - 2 >

Leta=21i-]+k &Z=3i+4j—k

N -
Formula : The area of the triangle whose adjacent sides are a & b is

1> 2 .
A= E| axb| square units (1)
Now, N
i j k
axb =|2 4 1
3 4 4
>4 1] =12 1| 212 4
=1 -] + k
4 4 3 4 3 4

T (1-4)— (23)+ k (8+3)

i (3)-j ®)+Kan

=axb=-31+5j+11k

also,

a x b‘= JB)+ (5) + (112 =V9+25+121
= ‘5 x b‘: J155
1
. (1) becomes, area of triangle is A = 5 V155 square units.

-\ 2 N 5\ 2 N -
3. Provethat(aXb) +(a.bj :|a|2|b|2

Solution :

- -\?2 - %
L.H.S. (a xb) +[a.bj

2
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_|al|bFsin?0 (@) +|af|b[ cos> 6

—a P |b[ [sin? 0+ cos’ ] [ @) =1
=[aP b [1]

—|aP|bf=RHS

4. If |a|=13, |b|=5and a.b =60 then find |ax b|.

Solution :
We have,

lax bP+|a.bP=|al|bp

= [ax b+ (607 =(13). (5
S >

= |ax b [P+3600=169 x 25
S >

= |ax b|2=4225—3600
S >

=lax p[=625

~lax b|=+/625 =25.
PART - C
1. Find the unit vector perpendicular to each of the vectors 1 +2 J+3k and i - j —k. Also find
the sine of the angle between these two vectors.

Solution :
Given: ¢ =1+2]j+3k &Z=_i)fj—§
_ ) . axb
Formula : (i) Unit vector : # = ——
laxb| -
|axb|
(i1) Sine of the angle : sin®6= - -
. jal1b]
ow,
R i1 j k
axb =1 2 3
I -1 -1
»12 3| =1 3| >l 2
-1 -1 I -1 I -1
= 1 (243)— ] (-1-3)+ k (-1-2)
=i M-j(H+k 3
—axb=144j-3k
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also, |4 % b= (P + (@) + (37 = J1+16+9

=|axb|=+26
Again, | a |=J()? + (2 +(3)* = V1+4+9 = 14
&| D |= (1) + (=1 +(=1)* = JI+1+1 = 3

Hence,

o _i+4j-3k
(1) Unit vector : n = —\/%

Lo N26 |26

(11)sm9—\/ﬁ\/§ = 0 =sin /—14\/5

- -
k

2. Find the area of the triangle formed by the points whose position vectors are 21 +3 ] +4
C

- g - - - N
31+4] +2k ,41 +2] +3k
Solution :

_ - - -
Let oo =21 +3] +4k
-

— I : g
OB =31+4] +2k

-

& OC =41 +2] +3k

be the given position vectors of the vertices of A ABC.
—> —>
— (D)

1
Formula : Area of triangle ABC = > ‘AB x AC

Now,
AB=OB - OA
:(3T+43+2E)—(2Y+33+4E)
37 caj ok 21 3] -4k
= AB =i+ -2k
also, AC = OC - OA
:(4_i)+2§+3ﬁ )—(2Y+33>+4E)
47 425 +3k 21 3] 4k

—_—

= AC=2i-j-k
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i ]k
ABx AC=|1 1 =2
2 -1 -1

1 =2|=]1 -2

-1 —1‘ J ‘2 -1
=1 (-1=2) j (-1+4)+ k (-1-2)
= 1(=3) ] (#3)+ k (-3)

— AB x AC = -31 -3 -3k

—|1 1
+ k

and| AB x AC |= /(-3)> +(=3)* + (-3)

D
C
= J9+9+9 = 27
=[AB x AC|= 33
1 343 A
Area of AABC = 5 (\3) = Tfsquare units. B

Find the area of the parallelogram whose diagonals are represented by 31 +J — 2k and

—

- K -
i -3] +4k.
Solution :

-
_

Let d, =31 +j -2k &d, =1 -3] +4k

be the given diagonals of parallelogram ABCD.

1) — —
Formula : Area of parallelogram = 5| d, x d,

square units. )
Now,

ik
d xd, _|3 1 =
1 -3 4

-1 =21 =3 21 —|3 1

= 1 - + k
-3 4 1 4 1 -3

1(4-6)— j (1242)+ k (-9-1)

1(=2)— ] (14)+ k (-10)

=d xd, =-2i-14j-10k
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also, [ x @] = (2 + (<18) + (<10y’ = V4+196+100 = V300
=|d, x d,|= 103

- (1) becomes,

Area of parallelogram =

1
5 [10\/3} =53 square units

- g K - - i - > 7 - - 2
4, Ifa =1 +3] -2k and b=-1 +3k and a xb . Verify that a is perpendicularto a x b

- 5 o
and b is perpendicularto a xb .

Solution :
Given: a = i +3j -2k &ZZ—i +3E
Now,
i ] k
ZXZ = 1 —2
-1 3
-3 2| -1 =2 —|1 3
=1 -] + k
0 3 -1 3 -1 0

= T(9+0)—] (3-2)+ k (0+3)

= 1(9)-j(M)+kQ)
— axb= 9T—T+3T€
(i) Toshow a 1 (@ x b):
a.(axb)=(i+3j-2k).(9i - j +3k)
=(1x9)+Bx—-1)+(-2x3)
=9-3-6
~a.(axb)=0=>a L(axb)
(i) Toshow b L(a x b):
b.(axb)=(i+3k).(9i - j+3k)

= (1x9)+(3%3)
=—9+9

~b.(axb)=0=b L(axb)
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3.2 APPLICATION OF VECTOR PRODUCT OF TWO
VECTORS AND SCALAR TRIPLE PRODUCT

Definition :

Moment (or) Torque of a force about a point

Let O bc any point and ? be the position vector relative to the point O OxF
of any point P on the line of action of the force E . The moment of the force ©
about the point O is defined as IC/[ ~ T x 1—5 The magnitude of the moment is 7
ﬁz|? x?|:|?||?|sin9‘
The moment of the force is also called as Torque of the force. , 0
7 P

Definition : Scalar triple Product

—

- - -
Let g ,b ,c be any three vectors. The scalar product of the two vectors a x b and c . ie.,

- -
(2 xp). E is called the scalar triple product and it is denoted by [Z{ b, Z ]. The scalar triple prod-
uct is also called as box product (or) mixed product.

Geometrical meaning of Scalar triple product :
-
Let a.b ,g be three non collinear vectors. Consider a parallelopiped having co-terminus edges

— — - — -
OA, OB, OC so that OA —a ,OB =p & OC =c Then g xp isa vector perpendicular to the plane

.. - -
containing g and b .

- - 7
Let ¢ be the angle between ¢ and g x p .
Draw CL perpendicular to the base OADB.
Let CL = the height of the parallelopiped. Here CL and

N
axb are perpendicular to the same plane.

—~CL| a%b = ZOCL=¢
In right angled A OCL,

CL CL
cos ¢ = & = W

Also, base area of the parallelopiped

:>CL:|_€| cos ¢

I - . . - 7
= the area of the parallelogram with g and 5 as adjacent sides=|a x b |.
.. By definition of scalar product,

- 77 - 7
(axb).c =laxbl[c [cosd

= (Base area) x (height)

_—

=V, the volume of the parallelopiped with co-terminous edges a , b Z '
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Properties of Scalar triple product :
-> -
1. Leta.b.c represents co-terminous edges of a parallelopiped in right handed system then its vol-

umeV=(Z><b).g

-

Similarly b,
system then

N -

P ,Z and ¢, a , b are co-terminous edges of the same parallelopiped in right handed
- -

V=(bxc).d &V=(cxa).b

Hence,V=(2XZ).g =(ZX2).Z =(8XZ).Z —(1)

Since the scalar product is commutative then (1) becomes,

V=2¢.(axb)=da(bxe)=b(cxd) — (2
From (1) & (2), N .
(be)-c =Z.(b xc)
(bxc).a=b.(cxa)
($xa).b=¢.(dxb)

In scalar triple product the dot and cross are inter changeable. Due to this property,

(axb).c —=a.(bxc)=[a b o]

- 7 o I G > - 7
~la b cl=[b ¢c al=[c a b]
2) The change of cyclic order of vectors in scalar triple product changes the sign of the scalar triple
product but not the magnitude.

- - -
[a b c1=-[b d cl=[c b a]
3) The scalar triple product is zero if any two of the vectors are equal.

ie.[a a Z]=0;[Zl) Z 2]=0;[Z Z g]=Oetc.

—

g - 7 - N Y
4) For any three vectors @, b, ¢ and the scalarAthen[Aa b c]=[a b c]
5) The scalar product of three vectors is zero if, any two of them are parallel (or) collinear.
6) Coplaner Vectors : The necessary and sufficient condition for three non-zero non-collinear vectors

- -
a b E tobecoplanaris[z b S]IO

. - 7 o 5> 7 o

iie, a b c arecoplanar=[g b c]=0.

Note : If [Z b g]=0then

- >
(1) Atleast one of the vectors a.b, c isazero vector.

N
(i1) Any two of the vectors a.b, 8 are parallel.

- o
(ii1) The three vectors a.b,c are coplanar.

- - > > N
7) For any three vectors a.b, g then ZX(b +g):(b xhb)+(a Xg).
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Scalar triple product in terms of Componants :

L - 74_ 7-1— - %_ba_i_b»_i_b» &”_ -
eta =ai *ta, ] *a ,b=b i sk C=C

— —
> 1 +C2i +C3k then

Proof G & G
N
2.3 |6 b b,
C € G
— — —|b, Db —1|b, b —|b, b
=bxc=1i| > |-l " l+k| " 7
C, G ¢ G ¢ 6
a.(bxc)=(,i +ta ] +ak )|:1 2 3 =] 1 3 1 2:|
C, G ¢ G ¢ 6
, b, b, b, b, b,
= a, —-a, +a,
c, ¢ c, ¢ ¢, ¢,
4, a, a,
=a.(bxc)=|b b, b|=[a b c]
¢, € G
WORKED EXAMPLES
PART - A
1. If?=2?—3T+fand?=T+2T+4fﬁndtorque.
Solution :
Torque ~rxF
i j k
|12 4
2 -3
—1 2 4 =1 4| —|1 2
=i — ] +
-3 1 2 1 2 -3

—7 @12 (1-8)+K (3-4)
-7 14— (DK (D

—

- ? -
= Torque=141 +7) -7k
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- 2 S

2. Findthevalueof[i | k]

Solution :
1 00
i j k1=|0 10
0 0 1
1 O 0 0 0 1
=1 -0 +
0 1 0 1 0 0
=1 Lo =1(1-0)=1
I P =
3. Findthevalueof[iJrj,j+§,§+i]
Solution :
1 1 0
S i A 0 1 1
[1+],)+k,k+1]=
1 0 1

11 0 1 0 1
=1 -1 +0

0 1 11 1 0
=1(1-0)-1(0-1)
=141 =2
PART - B

>S5 > g —

1. Find the scalar triple product of the vectors i —3 j +3k,21 + J-k and j + k.

Solution :

Letg =i -3 +3k.h=21 +1-k & c=1J+k

1 -3 3

(abc1 =21 -1

0 1 1
1 -1 2 -1 2 1

=1 +3 +3

1 1 0 1 0 1

=1(1+1)+3(2+0)+3(2-0)
=1(2)+3(2)+3(2)
—2+6+6=14
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2.

3.

If theedges @ =—3i +7J +5k,b =—5i +7] -3k and ¢ =71 —51] —3k meetata
vertex, find the volume of the parallelopiped.

Solution :
Volume of parallelopiped : V = [Z Z g ]

-3 7 5

=5 7 3

7 -5 3
7 -3 -5 3 -5 7

-3 -7 +5

-5 -3 7 -3 7 =5

=-3(-21-15-7(15+21)+5(25-49)
=-336)-7(36)+5(—24)
= 108 —252-120
=-264
.. Volume, V = 264 cubic units.

- - > g -> 7 o

Prove that the vectors 31+2J —2k,51 -3] +3k and 51— ] +k are coplanar.

Solution :

- -

- 2 .
Letg =31+2] -2k

b =51 -3]+3k
& ¢=5i-j+k
3 2 -2
[d b ¢] e
5 -1 1
3 3 5 3 5 3
=3 ) _2

51 5 -1

=3(-3+3)-2(5-15)-2(-5+15)
=3(0)-2(-10)-2(10)
=20-20=0

N

N
“~a, b, c arecoplanar.
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A ¢ - I = >
4. Ifthethree vectors21 —J+k, 1 +2] -3k and31 +m ] +5k are coplanar, find the value
of m.
Solution :
- 2 >
Letqg =21 — ] +k
- - = -
b=1+2] -3k
- > 4 >
& ¢ =31+m]j +5k

Since g , Z , g are coplanar then [2 Z E] =0
2 -1 1
1 2 -3|=0
3 m 5
2 3 1 2

3 m

2‘ +1

o

2(10+3m)+1(5+9H+1(m-6)=0
20t6m+14+m-6=0
Tm+28=0

7m =—28

PART - C

1. Find the magnitiude of the moment about the point (1, -2, 3) of the force 2? + 3? + 6E whose
line of action passes through the origin.

Solution :

- g -

N
Given: F =21 +3] +6k
By data,

I‘) = (Position Vector of 0) — (Position Vector of A)
= (Oa 05 0) - (la _25 3)
= (_ 19 29 - 3)

N -
-1

+2] -3k

.. Moment of force,

N
= TI=

M=t x F
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i1 j k
-1 2 -3

2 3 6

A(15_253)

2 3] —|-1 3] —|-1 2 —
=1 —J + T

3 6‘ 2 6 ‘2 3‘
=1 (1249)— j (-6+6)+ k (=3-4) = 0(0,0,0

=1 (21— ] (0)+ k (-7)
=21i -7k

=M =731 - k)

.. Magnitude of moment,

|ﬁ| = 7.J07 +(-1)°
=7J9+1

=M = 7x/ﬁunits

2. Find the moment of the force 3 i + k acting along the point T+ 2T_fabout the point
21+ j-2k

Solution :
Given : E =3T+f
_ — — A(29_192)
OP =i +2j -k N
& OA -2+ -2k '
Now, r = AP = OP — OA
? P(laza_l)

=(i+2j-k)-(2i+j-2k)
-7 +2j-k ~2i+j-2k

=|r=-1+43j -3k

- 5 >
Moment, M= 1 X F

i j k
_|-1 3 3
3 0 1
-3 3] —|-1 3| —|-1 3
=i - +
0 1 3 1 3 0
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1 3+0)— j (=149 + k (0-9)

13- @®+k (-9

—=|M =31 -8 -9k

S M =3+ (8 + (9)’ = o+ 64+81 =| M =+/154 units

- =2 2 - > o - 7 >
3. Provethat[a+ b, b+ ¢, c+a]=2[a b c]

Solution :
- - - > -
LHS:[a+ b, b+ ¢, c+a]

@+ 5). b+ x(C+a)}

-

50> B I SN - -
= (a+ b).ibxc+bxa+c xc+ ¢ x

b

(R

= (a+ b).{b xc+bxa+t0+oxa
— a(bxd)+a.(bxa)ta.(cxa)

+b.(bxA)+b.(bxa)+b.(cxa)

5 o

= [a bﬂ+0+0+0+0+[3_b)g}

_ 2|31 ¢)-rus

- 2 > O - - -
4. Prove that the points given by the vectors 41 + 5] +k, -] -k, 31+ 9]+ 4k and

— -

5
—41i +4j +4k are coplanar.

Solution :

Let oa =41 +5] +k
OB =—J -k
OC =3i+9]+4k

- -

& OD =—4?+4j +4k
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Now, AB = OB - OA

b

= (—T—f)—(47+57+f)

S TK4TosToE

—=|AB =-4i -6 -2k

also, AC = OC - OA
=37 +97 +4Y RO +57

> - g - -
=37 497 +4p 47 -5

=|AC =—1i+4j+3k

and AD = OD - OA

—

+k)

K

=(-47 +47 +4y ) - (47 +57 tr )

N

=-47 +47 +ay —47 =5

—|AD =—-81 — j +3k

4 -6 -2
.'.[AB,AC,AD]: 1 4 3
8 -1 3
4 3 -1 3

= _4 +6 —2
-1 3 8 3

=—4(12+3)+6(-3+24)-2(1+32)

=4(15)+6(21)-2(33)
— 60+ 12666
=0

.. The points given by the vectors are coplanar.

-

-1
-8

4
-1
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3.3 VECTOR TRIPLE PRODUCT AND
PRODUCT OF MORE VECTORS

Definition : Vector Triple Product

- 7 o - 7 > - 7 -
Let a, b, c beany three vectors then the product ¢ X(h xc )& (a xb ) x ¢ are called

. >, 7 2
vector triple productef, 5 , ¢

Result :
N - 50>
(i) ax(hxc)#(dxb)xc
- - -
(i) (axb)xc=(a.c)b-(b.¢c)a
- -
Gii) 3% (b*c)=(a.¢) b —(a.b)c
-
Note : The vector triple product (ZXb) x ¢ 1s perpendicular to ¢ and lies in the plane which

contain a and b .

PRODUCT OF FOUR VECTORS

Definition : Scalar product of four Vectors

> 5 o
If a ,b,c,d are four vectors then the scalar product of these four factors is defined as

- -

(@xb).(¢ *xd)

Result : Determinant form of (? Xb). (g X 8)

Y o s o a.c a.d
(axb).(c xd) = ic i
b.c b.d
Proof :
(@xb).(c xd) =(axb).X,where X = ¢ x d
= 3.(b*xX)
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Definition : Vector product of four vectors

N - - e N -
If a, b, ¢ and d are four vectors, then the vector product of the vectors (g x p ) and

(Z X 8) is defined as vector product of four vectors and is denoted by (g x Z ). (3 x Z{).

Results :

I S S
1. Ifa, b, c,d are four vectors then

(axb)*(¢xd)=[a b dlc-I[a b <ld
Proof :

LHS. = (axb)* (e xd)
= ;X(c Xg)where;=2xg
—(x.d)d -(x.0)d
~[(@*b)d1 < ~Lax5).<1d
~[a b d1¢-[ab<ld=RHS.
2 IfZ,Z,Z,E arecoplanarthen(ZXZ)x(Z x 8)

— - - > 5 o

3. (a xb)x(c xd)=[a ¢ d]b—[b ¢ d]a

WORKED EXAMPLES

PART - A

> >

1. Find the value of 1 x (j xk)

Solution :
1x(] XE) =1ix1

ol =

2. Find the value of k x (j xk)

Solution :
kx(jxk)  =kxi

—. =~
X

3. Find the value of (g xm).(b xn)

Solution :
5 N
N a.b a.n
(axm).(bxn) = I
m.b m.n
=(a.b

y(m.n)—(m.b)(a.n)
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Solution :

(axb)x(¢xd) =[a b d1¢-[abcld

=5(1 -] -k )-2@2] +3] —4k)

—57 -5] -5k —4i 6] +8K
= (@xb)x(xd)=1i —11] +3k
5. Ifaxp =71 3] +4k & ¢xd=1 +3]j -2k find(3xb).(cxd)
Solution :
(3%B).(¢xd) =7i 3] +4k (i +3j-2k)
—(Tx 1)+ (-3x3)+ (@4 x—2)

=7-9-8
=—10
PART -B
1. If g=1i +], Z:j+k & o=k +i find ZX(ZXZ)
Solution :

i ] k

hxe = 0 1 1
1 0 1

Ta-0-jO-DH+y 01
=7 -3 (DHE (D

=7 C1-0-5 1-0+y (-1

=7 ED-TEDEE O

=la x(bxc)=—1+ ]
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2. Forany vector g provethat i X(g*x i )+ ] X(a*xX] )+ kx(axk)=2aq.

Solution :
We have for any vectors Zthen(Z.T) T +(Z.;)3 +(Z.E)
Now,
ix(axi)=(G.i)a -G .a)i
= a-(a.i) i
Similarly, j x(axj ) =a-(a-j)j
& kx(axk) = a -(a.K)k
LHS. = § x(axi)+ ] x(axi)+Kkx(axK)
= a-(a.i)i +d-(a.j)j+d-(@.x)k
=34 -[d.i)i +(@.j)j +(d.k)k]
=3a —a=2a (RHS)
PART - C
1 1f2=7—j+k,3= T—2J',3
(d@.0)b —(a.b)e.
Solution :
LHS.
i j k
NOW,ZXS |1 =20
2 -1 1
—l=2 0| =1 o] —|1 =2
= 1 -] + k
-1 1 2 1 2 -1
240 =] (1—0) Kk (—1+4)
=i(2-j (Hh+k @3
:Fx?:—27—7+3f
i k
ax(bxc)=[1 -1 1
-2 -1 3

= 2_{ —Jj + k prove that _;X (Fxg)

(1

N
a
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—|-1 1 =1 1| — |1 -1
-] + k

-1 3 -2 3 -2 -1
ZY(—3+1)—3 (3+2)+1_<)(—1—2)

-1 (2] 5)+k (3

ax(bxc)=-21i-5j-3k

(1)

=
S

R.H.S.

Now, .0 = (i —j +k). 21 —j +k)
=(1x2)+(-1x-1)+({1x1)
=2+1+1=4

also, a5 = (i —j +k).(i -2j)

—(x 1)+ 1x-2)
—1+2=3
(3. )b —(a.b)e =4[i-2j1-3[21 —j+k]

—47 -8j-61 +3] -3k

=

(a.c)b-(a.b)c)=-21-5j-3k

— @

From (1) & (2) we conclude that, g x (Z xc)=(a S)Z ~(a Z )c

f a-i-j+k,bp=-1+2j-k, ¢ =
(axb).(cxd)
Solution :
Given:Z=_i>—j+E ZI—_i)-FZj—E g=7+2j E
Now,
i j k
T I
1 2 -1
SR s T I T T Y I R |
=1 -] + k
2 -1 -1 -1 -1 2
=7 1-)-j 1+ +k 2-1)

T DOk )

{+2jadd =i -j-3k find



i ] k
ko, 3x 2 1 2 0
also, X =
© 1 -1 -3
2 of =1t o —]1 2
1 -3 1 3 1 -1
T C6E0)—(3-0)+k (-1-2)
=i (6)-jE3)+k(3)
=|lcxd=-6i+3]3k
(ax5).(xd) =(-i +k).(67 +3j-3Kk)
= (- 1%x=6)+(1 x=3)
—6-3
=|(axb)(cxd)=3
Alternate method :

a.c =G -j+k).(i+2])
=(Ix1)+(=1x2)+(1x0)
=1-2+0

:DAZfE:—l

a.d =i —j+k).(i —j-3k)
=(IxD)+(E=1x=1)+(1x-3)
=1+1-3

:>§*7f:—1

also,g.g =(f?+2jfk)-(?+2j)
=(-1x1)+(@2x2)+(-1x0)
=—1+4+0

—|b.c =3

and b .d =(—Y +2j—k).(Y -j-3k)

=(=1xD)+2x=D+(=1x=3)
=—1-2+3

.d =0

Vector Algebra-IIT
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a.c a.d
“(@xb).(¢xd)=|p< b.d
_ -1 -1
130
=0+3
= (dxb).(¢xd) =3
3. Ifg=i +j+k.b=1i-j-k.c=-1
Solution :
leen:2=_j)+'+ﬁ Z:_{_J_E
C=-i 42k & d=27+]
i ] k
Now, ZXZ: 1 1 1
1 -1 -1
—|1 1 —|1 1] —|1 1
=1 -] + k
-1 -1 1 4 1 4

I CI-D K C1-1)

-1 O -jCD+ k()

—11‘

+k
‘2 1

"l

1 2‘ Tw_l 2

~10-2-JO-H+K 1-2)

~T ()N TR

—|cxd=-2i+4j-3k

i j k
0 2 -2

2 (@xb).(exd)=
2 4 -3
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|2 =2 =0 -2] —lo0 2
= 1 —J +k
4 -3 2 -3 2 4
— ] (C6+8) -] (0-4)+k (0+4)
=1 @2)-j 4+k @
=l(axb)x(cxd)=21+4]+4k
Alternate method :
We have (2 xb)x(c xd)=[a b d]c -[a b c]d
1 1 1
R 1 -1 -1
la b d] =
2 1 0
-1 -1 1 -1 I -1
=1 -1 +1
1 0 2 0 2 1
=10+1)-1(0+2)+1(1+2)
—1(1)-1Q2)+1(3)=1-2+3
:[?Fﬁ]zz
1 1 1
also, [a Z 3] =1 -1 -l
-1 1 2
-1 -1 1 -1 1 -1
=1 -1 +1
1 2 -1 2 -1 1
=1(-2+D)-1Q2-D+1(1-1)
=1(=1)—1(1)+1(0)
——1-1
:[???}:—2
#(axb)x(exd)[d b dlc—1[d b cld=2(i+]+2k)+2@2i +j)

- N -

- ? - ?
=-21 +2] +4k +41 +2]

@@ xb)x(c xd)=2T+4]+4K%
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4.

10.
I1.

12.

13.

- - —
Prove that [q x b , XE,SXZ]:[z b 8]2

Solution :

LHS.:[a%b,bx*c,cxd]

= {(axb)[(bx3)x(Sxa)l}
—((axb){bialcIbcclan
—((4xp)i[bca)c—0.a}

=la b ¢lla b <] I
=[ZZE)]2=RHS [[b c a}z[a b c}

EXERCISE
PART - A

Provethat(z—g)X(Z+Z)=2(ZXZ).
+j

-> 7 - 77 g g g
Find ¢ xp if gq=21 +k ,p =1 +k .
PN = g > o7
Find g xp if g=1 +2 ] +3k and p=1 -] -k .

R~

-> - - -

If4-2i —j+k ,b =31 +4j -k findaxp.
If|2|:2,|z|:7and|gxg|=7\/§,ﬁndtheanglebetween Zandg.
1f|2|=3,|3|=4and|ZXZ|=6ﬁndanglebetween Zandz.

Find the angle between the vectors g andg if|a XZ I=a Z .

- 5 >

Find the valueof [ ] k i].

N

Find the value of [1 —j , ] —k .k —

il

- - - - - -

Ifi:) —2i +3j +6kand r =—i +2j —3k find the moment of the force.
Find the value of

) 0 ox(jxk) G kx(kxi) Gy ix(jxi) v kx(jxk)

(4 5 d1=4.0a b c]=-2c=1-2j andd =3] +k find (4 %5) % (c*d).
Ifla ¢ dl=L[p ¢ dl=3,a=i+j+k&p=1-j kfind(axp)x(cxd).
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10.

PART - B

— = - - - N
Find the area of the parallelogram whose adjacent sidesare i + J +k and 1 +2 ] -3k

- - - - - -

Find the area of the parallelogram whose adjacent sidesare21 +3 ] +6k and3i —-6] +2k

- — - -

Find the area of the triangle whose adjacent sidesare i +J —2k and2i —J — k.

- 2 > - - -

Find area of the triangle whose adjacent sidesare 21 — ) +k and i +2j +3k.

Find the volume of the parallelopiped whose edges are

- 2> - - - - - -
(i 41 -8] +k,21 -] -2k ,31 —-4] +12k

- - - - 2 o -> 7 —
(i)21 -3) +4k, 1 +2] -k,31 -] +2k
Show that the following vectors are coplanar.

> 7 > - O -2 -
()21 +j +k,31 +4j +k, i -2]J +k

- -2 - - 2 o -> 77 —
(i)21 -3) +5k, 1 +2] -k,31 -] +4k

- = -> - = - - - -
(iii)31 +2J) -5k, 1 -2) -3k ,31 +10) +19k

- - - - ->

Find the value of 'm' so that the vectors 21 +] — 2k, i +] + 3k and mi +] are
coplanar.

—

+4j +3k & ¢ =—8i —j +3k find[g Z ¢l

N -

fa=—4i -6j —2k.p =—

If a=2i +3j -k, p=-2i +5k & ¢ =j —3k find g x (b x¢).
£ a=3i +2j 4k, 5 =5i -3] +6k & ¢ =51 —j +2Kk find (3 %5 )<c.
PART - C

- - - - -

Find the unit vector perpendicular to each of the vectors 21 —J +2k and 101 —2 j +7k .Find
also the sine of the angle between them.

— g - — g -
Find the unit vector perpendicular to the vectors —1 + ] +2k and—41i +3 ] +2k . Also find
the sine of the angle between them.

- - - - - i
Find the unit vector perpendicular to each of the vectors 31 + ] +2kand21 —2 ) +4k . Also
find the sine of the angle between them.
Find the area of the triangle formed by the points whose position vectors are
- - - - 7 > - - -
(i +3)+2k,21 —-) +k,-1 +2 ) +3k (i)(3,-1,2)(1,-1,-3),(4,-3, 1)
Find the area of the parallelogram whose diagonals are represented by

S5 o - - -

()31 +]J -2k and i -3 ] +4k ()21 +J -k and31i —4] +k
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10.

I1.

12.

13.

14.

15.

16.

17.

18. 1

19.

- - - - -
Find the moment about the point i +2 ] —k of the force represented by 31 + k acting through

- = -
thepoint2i1 —] -3k
N

- -
Show that torque about the point A (3, —1, 3) of the force 41 + 2 ] +k through the point

B(5,2,4)is 1 +2] +8k

- - -> = I
Find the moment of the force 31 + ] + 2k acting through the point i — ] +2k about the point

-

21 -] + 3E )

Show that the points given by the position vectors are coplanar.
1 (1,3,1),1,1,-1),(-1,1,1),(2,2,-1)

(i) (1,2, 2), (3,-1,2) (-2, 3,2), (6,4, 2)

If g =2i+3] k b——21+5k &c=j—3k VerifythatZX(Fxg)=
(a.c)b —(a.b)c

Ifg=1i+] +k z=31—21 +k&c—21—j —4k verifythat g x (p Xc)=(a.c)
b—(d.b)c.

If g =3i-4j+5k. p = i+2j -3k & o =2i -] +k show that
ax(bxe)=(axb)xe

If ¢ =2i+ 3] - 5k, Z = _—i+]+k & g =4_i)—2j+3k show that
ax(bx¢)=(axb)xc

Ifg =i+ +k,Z:21+k,Z:21+J+k&g — i +] +2k find
(axb).(cxd)

Ifag =1i-j+k, p =2i+3j -5k, c=2i+3j-k& d =1 +]j -k find
(@xb).(cxd)

fa=1i+k,b=i+j,c=1- &g =20 —j +3k find(4xb)*(Sxq)
Ifa—31+4_]+2k,b—1+2_]+3k 4i +2) +5k & d=4i +3] +7k find
(aXb)X(ch).

fZ=i+j+kZ 2i+k,g=2i+j+k&d=i+j+2kVerifythat

(a xb)x (¢ xd)=[a b d]c—[a b c]d

- - -

~j-k ¢ =-i-j+2k& d =2i+]j verify that
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ANSWERS

PART - A
2) —i—+2k 3) i+4] -3k 4) -3i+5j+11k 5) 60°
6) 30° 7) 450 8) 1 90 10)21i-7k
mmo G- (iid) — j (iv) - |
12) 412+ 2Kk 13) 2i—4 -4k

PART - B

49 , .
1) A= \/ﬁ $q. units 2)A= TSq. units 3)A= 3\/§ sq. units
4HA= 5\/§ sq. units 5) (i) 155 cubic units  (ii) 7 cubic units
8 - - - - - -

7)m=§ 8)0 9) —-121+ 9j+3k 10) 951 — 95 j+190k

PART - C

. 4242k 3 . 4i-6j+k J53
) n=——m | sin0= — 2)n=—m—m—— sinf= ———
) 3 V153 ) J53 J6 V29
. i-i-k INE J
A= . §ing= V3 4) () A= 34 squnits (i) A= Y19 <0 units
NE) NIVINE] 2 2

5) (i) A= 5v3 sq. units (ii)A=% 6) m=-3i—7 j+9k ; |m|= ~139 units
7) 1;)1=—_i)—3)—ﬁ . |m|= /3 units 14)-4 15)-2

16) 41-2 j+ 6k 17) <121 -34 - 71k



UNIT - IV |

INTEGRAL CALCULUS-I

4.1 Introduction:

Definition of integration — Integral values using reverse process of differentiation — Integration using
decomposition method. Simple problems.

4.2 Integration by Substitution:

f'(x)d
Integrals of the form [LFCOT'F'G0d. 0 1 [£1E ang [IFGECOI (o) dx. Simple
problems.
4.3 Standard Integrals
dx dx dx .
Integrals of the form Im FER and _[ o Simple problems.

4.1 INTRODUCTION

Sir Sardar Vallabhai Patel, called the Iron Man of India integrated several princely states together
while forming our country Indian Nation after independence. Like that in Maths while finding area
under a curve through integration, the area under the curve is divided into smaller rectangles and then
integrating (i.e) summing of all the area of rectangles together. So, integraiton means of summatiion of
very minute things of the same kind.

Integration as the reverse of differentiation:

Integration can also be introduced in another way, called integration as the reverse of differentia-
tion.

Differentiation in reverse:

Suppose we differentiate the function y = x*, then we have % . Now, we say that integral of

4x3 is x* and we write this as J.4x3dx = x* . Pictorially, we can think of this as follows:
Differentiate

S
N

Integrate
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Suppose we differentiate the functions, y = x* + 5, y = x* — 23, y = x* + 100, then also we get

d
d—y= 4x* . Now, what could we say about the integral of 4x3. Can we say that it is x* + 5 (or) x* — 23 (or)
X

x*+ 100? So, in general we say that _[4x3dx = x* + ¢ where c is called constant of integration.

The symbol for integration is [, known as integral sign. Along with the integral sign there is a term
dx which must always be written and which indicates the name of the variable involved, in this case 'x'.

Technically integrals of this sort are called indefinite Integrals.

List of Formulae:

S1.No. Integration Reverse Process of Differentiation
n+l n+l
Ix“dx= +c i X +c
n+1 dx|n+1
1‘ (1’175 _1) n+1-1
= Mj;/ff—i- 0
= Xn
1 d 1 1
2. I—dx=logx+c —(logx+¢c)=—+0=—
X dx X X
X qu _ X d
3. J.e dx=¢e"+c¢ _(eX):ex
dx
4. J.sinxdx=—cosx+c i(—cosx+ ¢)=sinx
dx
o d .
5. jcosxdx—51nx+c —(sinx+ ¢)= cosx
dx
2 _
6. Isec xdx = tanx+c i(tamx+ c)=sec’ X
dx
20y —
7. Icosec xdx = —cotx+c i(—co‘cx+ c)= cosec’x
dx
8. Isecxtanxdx=secx+c i(secx+ c)=secxtanx
dx
9. J.COS ecxcotx dx=—cosec x+c i(—cosec X+ €)= COsec X cotX
X

n+l

Particular forms of Ix“dx =

n+
1+1 X2
l.jx dx = =—+cC
+1 2
3+1 4
2.J‘x3 dx = X e
1 4
3.IdX=X+C ‘ile
dx

1+C where n #— 1.
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y X%H X% 2 y
4.I&dx=jx 2dx = =—=—X"%+c¢c
1 3 3
2 2
o 3
5 J‘—4dx=.|.x4dx= =—+c
X —4+1 -3
1 1
6. I— dx=logx+c '.'i(logx)z —
X dx X
Note:
—1+1 0
jldx: ,[X’ldx= * X,
X -1+1 0
n+1
So we should not use the formula
n+1

Two Basic Theorems on Integration (Without Proof):

1. Ifu, v, w etc. are functions of x, then I(ui Vi W )dx = J-udx iJ-de iJ-wdx to

2. Iff(x) is any function of x and K any constant then J K f(x)dx=K I f(x) dx
Example:

1. Evaluate: I(4X —3x7)dx

Solution:

[ (4x —3x*)dx
= I4x dx —J3x2dx

= 4jx dx — 3J. x2dx

_ 4X]+1 _3 X2+1 e
I+1  2+1

_4x2 3x’

T2 3

=2x"—x"+¢

Integration using decomposition method:

In integration, there is no rule for multiplication (or) division of algebraic or trigonometric function
as we have in differentiation. Such functions are to be decomposed into addition and subtraction before
applying integration.

)

For example can be decomposed as follows

+ COSX

sin®x  1-cos’x  (1+ cosX) (1—cosx)
= = =1-cosx,
I+cosx I+cosx (1+/ces{)

which can be integrated using above theorems.
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Examples:

1. Evaluate: _[(X+ D(x+2) dx
Solution:
There is no uv rule in integration. So, we first multiply (x + 1) and (x + 2) and then integrate
[ (x+D(x+2) dx
= j(xz + 2x+ x+ 2)dx
= [+ 3x+2) dx

3 2
X

=—+—+2x+¢C
3 2

2. Evaluate: I(1+ x*)? dx

Solution:

Formula: (a+b)’ =a’+b’+ 3a’ + 3ab?
(1+x%) =1+ x> +3(1) x>+ 3(1) (x*)
=1+x°+3x*+ 3x*

[+ x?y dx= [+ x°+3x>+ 3x*) dx

7 5
sin x
3. Evaluate: I -
1+ sinx
Solution:
J s1n. X i«
1+ sinx
J- sinx (1 —sinXx) d Multiply and divide by conjugate of
X
I+ sinx (l—sinx) l+sinx=1-sinx

(a+b) (a—b)=a’-b’

sinx(1—sinx)
=J—2 — dx
1° —sin“ x
22 2
sinx —sin* x sin“x+cos“x=1
_J dX 2 2 2
cos’ x S 1—sin” x=cos” x

Dividing separately

( sin X SlIl X\
-1l

COS X COS X

sin x 5 1+ tan’® x = sec’ x
—j dx —Itan x dx R 5
COSX COSX = tan" x=sec x —1

= Isecxtanx dx fJ.(secz x —1)dx

=secx — (tanxX — X) Note:i(x)z 1:>I1dx= X
dx

=secx —tanXx+ X+ ¢
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3.1 WORKED EXAMPLES
PART - A

1. Evaluate : I[x3 +e*+ l] dx

X
Solution:

J.[x3+ e"+l) dx
y X

X X
=—+c¢" +logx+c

2. Evaluate: j(tanz X+ cot’ x)dx
Solution:
1 + tan’x = sec’x = tan’x = sec’x — 1
1 + cot?x = cosec’x = cot’x = cosec’x — |
I(tanz X+ cot” x)dx
= I(secz X — 14 cosec’x —1) dx
= I(secz X+ cosec’x —2) dx

=tanx —cotx —2X+ ¢

3. Evaluate: I(e3x +e ) dx

Solution:
[e™+e™)dx
_ ™ N e ™ Hint : Divide by coefficient of x
3 5 o
In general Iemxdx = — because
m
3x —5x
€ € mx
_ dle™) 1d 1
= — + C mx mx mx
— =——(E)=—.e".m=e¢
3 5 dx\ m m dx( ) m

4. Evaluate: Jsecz (3+ 4x)dx

Solution:
2
I sec”(3+ 4x)dx Hint : Divide by coefficient of x
Shown as 1
4
d|1
= %tan(3+ 4x)+c &{Ztaﬂ(% 4X)}
1
= Zsec2 x(3+ 4x) 4= sec’(3+ 4x)

5. Evaluate: J(3 —2x)"dx

Solution:

j(3 —2x)*dx |DiVide by coefficient of x

_ 5
= L{&}+ C shown as i

2 5
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6. Evaluate: J‘«/lfsinzx dx

Solution:

sin? x+ cos’ x =

Jxll—sin2x dx

sin2x = 2sinx ¢

SX

. 2 2 .
Z\/Sll’l X+ cos“ X —2sinxcosx dx

la’+ b’ —2ab= (a—b)’|

= J‘«/(sinx —cosx)> dx

= I(sinx —cosx) dx

= —COSX—sinX+c¢c

7. Evaluate: I\/2x—3 dx

Solution:

j\/2x—3 dx

[(2x-3)/2dx  [Divide by coefficient of x

1

—+1

_ 2
_1@x-3)7 |

l+1
2

[\

Hex-y*| 12
2 % 23

=%(2x—7)%+ ¢

dx
8. Evaluate: I m

Solution:

1
(2+x) 2dx

dx dx
fm=f(2+x)%=f

(2x-3)" +¢

1
=—|———+c
1

Divide by coefficient of x = 1

1
shown as —
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PART-B & C

1. Evaluate: I(X+ 1) (2x -3) dx
Solution:
There is no uv rule in integraiton.
[x+1) (2x-3) dx
= [(2x* -3x+2x-3) dx
= [(2x* -x-3) dx

3 2
= 2x R Ve
3 2
1 1
2. Evaluate: I(XJF —j [Xz _Zj dx
X X
Solution:

1 1 o1
= J.[XS ——+X ——j dx Do not write —as x~

1

X
4 2 % 3
=——logx+—— c
4 2 3+1
4 2 -2
=——logx+ ——-—+c¢

4 2
= ——logx+—+—+c

x? x sin’x

27 3
3. Evaluate: I(——+ 5 jdx

Solution:

2 7 3
J.[—z—-i- ) j dx
X X Sin X

= _f[2x2 —l+ 3coseczx) dx

X
2 —2+1

= ; 1—7logx—3cotx+c
-2+
2x !

= —177logxf3cotx+ c

1
=———Tlogx —3cotx+c¢c
2x
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Conjugate Model:
cos’ x

4. Evaluate: ® 1+ sinx

dx

Solution:

Multiply and Divide by the conjugate jof
(1 +sinx)= (1 —sin x)

J- cos’ x ><(l—sinx)
I+sinx (1-sinx)
(a+b)(a—b)=a’-b’

_ _[ cos” x(1 —sinx) dx

1-sin’x
2 . 2 s 2
ICOS x(l—smx)d cos” X+ sin"x=1
= —————————————————————————— X
2 .
cos” X = cos’x=1-sin’x

= j(l—sinx) dx
=X+ CcosX+ ¢
5. Evaluate: .[Sinz x dx

Solution:

J‘sin2 x dx

lj(l 2%)d cos2x=1-2sin’x
=—|(1-cos2x)dx
2 = 2sin’* x = 1 — cos 2x|.

1 sin 2x 1
Y N tC sinzx:E(l—cos2x)

6. Evaluate: jcosz x dx

Solution:
J‘cos2 x dx
1 cos2x=2cos*x —1
=EI(1+cos2x)dx = 1+ cos2x = 2cos’ X
i 1
1 X+ sin2x +c = —(1+ cos2x)= cos’ x
2 2 2

7. Evaluate: Isin3 xdx

Solution:

Isin3 x dx
sin3x = 3sinx — 4sin’ x

1 . .
- ZI(SSlnx —sin3x) dx 4sin’ x = 3sinx —sin3x

. 1. .
- l[—3cosx+ cos33x}+ c sin’ x = Z(3s1nx —sin3x)
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8. Evaluate: ICOS3 x dx

Solution:

Icos3 x dx

cos3x = 4cos’ x —3cos X

1
=—|(@3 +cos3x) d
4~[( cos X+ cos 3x) dx 3cosx+ cos3x = 4cos’ X

1[ . sin3x}
:Z 3sinx+ +

1
Z(3 cosX + cos3x)= cos’ x

9. Evaluate: jsin 5xcos3x dx

Solution:

_[sin 5xcos3x dx

= lJ‘[sin(Ser 3x)+ sin(5x —3x)] dx Recall from
2 Maths-I
Ui , S+S=25C
= Ej(sm 8x + sin 2x) dx 2SC =IS+ S SJ:S: CS
_ 1] —cos8x cos2x | SC=_[S+8]| |C+C=2CC
2L 8 2 |°° C-C=-288

10. Evaluate: j sin 7x sin4x dx
Solution:

Isin 7xsin4x dx
= %I[cos(7x+ 4x) —cos(7x —4x)] dx

= —%I(cosl 1x — cos3x) dx

-288§=C-C
_71 sinllxisin3x ‘e 1
o2 11 3 BTl
11. Evaluate: Isin23x dx
Solution:
J‘ sin? 3x dx Refer Problem 5
1
=—[1- 2
- %f(l—coséx) dx = g cos2x]
1 sin 6x sin’3x = l[l—cos 2(3x)]
_ E[X_} c 2

1
=—[l1-cos6
2[ x]

12. Evaluate: J‘COS3 S5x dx

Solution:

J. cos’ 5x dx Refer Problem 8

cos’ x = i(3 cosx + cos3(5x))

1
=—1(3cos5x+ cosl5x) dx
4

1
cos’ 5x = ZGCOS 5x+ cos3x)

:%(30055x+ cos15x)

1| 3sin5x sinl5x
=— + +c
4 5 15
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4.2 INTEGRATION BY SUBSTITUTION

So far we have dealt with functions, either directly integrable using integration formula (or)
integrable after decomposing the given functions into sums & differences.
sin(log x) 2x+3

But there are functions like ,
X X"+ 3x+5

differences of simple functions.

which cannot be decomposed into sums (or)

In these cases, using proper substitution, we shall reduce the given form into standard form, which
can be integrated using basic integration formula.

When the integrand (the function to be integrated) is either in multiplication or in division form and
if the derivative of one full or meaningful part of the function is equal to the other function then the
integration can be evaluated using substitution method as given in the following examples.

1. J- 2x+3

d
————— since — (x* +3x +5)is 2x + 3 it can be integrated by taking y = x> + 3x + 5.
X +3x+5 dx

2. j%dx = Isin(log x)l dx
X X

Here i(log x) = l
dx X

The above integration can be evaluated by taking y = log x.

Integrals of some standard forms:

Integrals of the form I[f(x)]“f'(x)dx’ J.t;((x)) dx , IF (f(x)) f'(x) dx are all, more or less of the
X

same type and the use of substitution y = f(x) will reduce the given function to simple standard form
which can be integrated using integration formulae.

4.2 WORKED EXAMPLES
PART - A

1. Evaluate: 1= Isin3 x )

Solution:

Puty=sinx ... (1)

ﬂ: COSX

X
dy = [cos xdx]

I= Iyde using (1)

4

S A

4
sin® x

X
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2. Evaluate: 1= J'-

e +e
Solution:

y=¢"+e "

dy _
—=e"+e (-1
- D

=" —e"

o=
s = J.ﬂ using (1)
y

=logy+c
=log (e"+e ™ )+c¢c

3. Evaluate: Itanx dx

Solution:

[sinx] ,

I=
-[cosx
Puty=cosx ... (1)

ﬂ: —sinx
dx

dy= —sinx dx

I= I_—dy: —logy=—log (cosx)+c
y

1
=log(cosx) ' = log(—) = log secx+c
COS X

4. Evaluate: Icotx dx

Solution:

I= jcotx dx

e,

sinx
Puty=sinx ... (D)

ﬂ: COSX

dx

s I= J.ﬂz logy = log(sinx)+c
y

Note:

d
—1
™ og(secx)

1
= .SecX tanx
secx

= tanx

J.tan xdx = log(secx)+ ¢

Note :

d
il i
™ og(sinx)

sin x
= cotx

J-cot x dx = log(sinx)+ ¢

.COS X
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5. Evaluate: ,[ e > dx

Solution:

I= J. e ! dx

1-x’
Puty=sin'x ... @
dy 1
dx 1-x*
dy= ! dx

1-x’

s d= jeydy: e’+c¢c

sin~' x

=¢ +C

6 Evaluate: [002%)°
. Evaluate: I— dx
X

Solution:

I= f(log x)’ ldx

X

Puty=logx ... )

dy _
dx

dy=|—dx

SRR

I=[y'dy

6

=Y e
6
6
_ (logx)”
6

COSX
7. Evaluate: j—2+ 3sin dx
X

Solution:

I:fdx

2+ 3sinx
y= 2+ 3sinx

d_y: 3cosx
dx

dy = 3cosxdx

%dy=



76 + Engineering Mathematics-II

Gl

3y

llo +c
3 gy

8. Evaluate: Isecx dx

Solution:

llog(2+ 3sinx)+c
y

= I secx(secx + tanx) dx

(secx+ tanx)

3 J- (sec’ X+ secX tanx)

(secx + tanx)
y=secx+ tanx

dy

= secx tan X + sec’ X
dx

dy = (secx tanx + sec’ x) dx

d
.-.I:j?y

=logy+c

= log(secx+ tanx)+ ¢

9. Evaluate: _[COSCC x dx

Solution:

I= Icosec x dx

B J- cosec X (cosec X + cot X)

(cosec x + cot X)

dx

J. (cosec’x + cosec X cot X)

(cosec x + cot x)
y=cosec X + cot X

dy

= — cosec X cot X — cosec’x
dx

dy = —(cosec x cot x + cosec’x) dx

—dy= |(cosec X cot X + cosec’X) dx|

= —log(cosec x+cotx) + ¢

Multiply and Divid¢

sec X +tan x
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10. Evaluate: I(XZ —-5)*x dx

Solution:

1= [ -5 d]
2

y=x" -5

ﬂ: 2x
dx
dy = 2x dx

1 2 5
=—(xX"-57+c
o' )

1. Evaluate: I(2+ sinx)3

Solution:
y=2+sinx

ﬂz COSX
dx

dy= o ]

s = _[y3dy
_y
4

+c
4

CcoS \/;

2. Evaluatezj x dx

Solution:

Izjcos&
y=x

dy 1

dx 2Jx

2dy = de

Jx

dx

1
Jx

2+ sinx)*
:( + sinx) te

PART B & C
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= J.cosy2dy
=2siny+c
= 2sin(v/x)+ ¢

5602 X

3. Evaluate: Im X

Solution:

sec’ x dx

I= | .
(2+ 3tanx)

y=2+3tanx

2
& 3sec” x
X

dy = 3sec’ xdx

1= Lpdy
..1_3[y3

= % [y~dy

= —%(2-& 3tanx)’+c

4. Evaluate: Ixz cos(x’) dx

Solution:

I= Ixz cos(x’) dx = Icos(x3)

3

y=x
ﬂ:_g 2
dx
dy = 3x’dx

1.
=—SIm(x" )+ c
3 (x%)
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5. Evaluate: IeSiH *sin2x dx

Solution:
1= J.esmz" sin2x dx |.sin2A = 2sinAcps A

L, .
= jes‘“ *12sin x cosx dx

)
y=sin" x

dx .
—=2s8InXCOSX
dy

= J e’dy
=¢'+¢c
=™y e
6. Evaluate: j(2x2 —8x+5)"(x—2) dx

Solution:

I=[(2x* - 8x+5)"

2

y=2x"—8x+5

dy=4(x-2)dx

= %(n2 —8x+5"+C

in"' x)*dx

7. Evaluate: _[(S—
. ' JI-x?

Solution:

I= I(sin’] x)*

y=sin"'x
dy 1
dx 1-x’
1
dy= —2dx

1-x
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_ (sin' %)

I=[y'dy

5

y

5

—+C
5

+C

8. Evaluate: J‘\/tanx sec’ x dx

Solution:

i

y=tanx
d
Y sec’x
X

dy = [sec’ x dx

s = I\/§dy

= Iy%dy
el
Ny
= %(tan x)% +C
9. Evaluate: jxlogx dx

Solution:

I=J. ! ldx
logx | x
y=logx
dy_1
dx x
1
dy = |—dx
X
1
I=|—dy
F
=logy+C

= log (logx)+ C
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cotx
10. Evaluate: _[— X
log (sinx)
Solution:

1
I=fm-

y = log(sin x)

ﬂ: ——COS X
dx sinx
d_y: cotx
dx
1
s I=|—dy
;5
=logy+C
= log(log(sinx))+ C

4.3 STANDARD INTEGRALS

dx

dx dx
2 2’_‘. 2 2 andJ. ’
a"tx X" —a Ja? —x2

Integrals of the form I

1. Evaluate: dx
J‘az +x2
1
[= | —|dx
J.a2+ x2 dx
Put x=tan 0 a’+x’
dx ) =a’+ (atan0)’
—=asec 0
do =a’+a’tan’0
e
=a’sec’0
1= . 29 do
jaQ g Asee
) Xx=atan0
= [~do N
a = tanf=—
1, a
a —=0=tan"’ [i)
=—tan"' [3) +C a
a a
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2. Evaluate: I de >
a’—x
=I | dx (a-:x)+(a—x)=2a
(a+x) (a—x) .'.2—[(a+ x)+ (a—-x)]=1
a

L[(a+ x)+(a—x)]
= (22 dx
(a+x)(a—x)

_LJ- a+x+a—x
" 2a (a+x) (a—x)

|Dividing Separately|

:LjﬂdX‘i‘L ﬂ
2a7 (a4+%) (a—x) 2a7 (a+x) (3-%)
i dx 1 dx

2a'a—x 2a‘a+x

dx

Note:—(a—x)z -1 and i(x+ a)=1
dx dx

_—_lj(—l)dx_’_LJ-ldX

(a—x) 2a‘a+x

-1 1
=—1log(a—x)+ —log(a+ x
2a g(a—x) 2a g(a+ x)
1 1
= —10g(a+ x) ——log(a —x)
2a

(7
= Log[ 2% )1 e
2a a—x

dx
3. Evaluate: J‘xzf 2

a
1= J'dej(az

_I dx
I (xta)(x-a)

:j 1 (x+ a)—(x—a)dX
2a (x+a)(x—a)

J-(x+ a)—(x— a)dX
2a (x+a)(x—a)
D1V1d1ng Separately,

de de
“2a M(x a) 2a (x+a)9/7

1 1 1

= —log(x —a)——Tlog(x+a)
2a

——lo( a]+c
2a g X+ a
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1
4. Evaluate: .[ mdx
1
I= | ——]dx]
[

Putx=asin 0 X =asin0
. d
a?—x’=a’—(asin®)’ | — = acos0
do

=a’—a’sin’0 | dx=
=a’(1-sin’0)

=a’cos’0

Ja? —x? = \a%cos?0 = acos0

I:I ! .acos0 do
acos0

X=asin0O

_ . X

—J.dG =sinf=—

a

=0+c
. (x
. X =0=sin"| =
=sin” —+¢ a
a

List of Standard Integrals Formulae:

S1.No. Integration Result
dx 1 ., x
L. Iaz+x2 ;tan ;+C
dx 1 a+x
2. —1 +
Iaz—xz 2a Oga—x ¢
dx 1 X—a
3. —lo ( )+ c
IXZ _a? 2a g Xx+a
4 I & sin”' (ij +c
' Va® —x? a
4.3 WORKED EXAMPLES
PART - A
. Evaluate: [~
. EBvaluate: 9+ 2

Solution:
dx 1. . (x
I 3 3 =—tan | —|+¢C
a“+x" a a
a’=9=a=3

j dx —.[ dx —ltanl[i]+c
9 Jx+ 237 %+ 3 3
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dx

2
—X

2. Evaluate: j

Solution:

J- dx —ilo (a+xj+c
a’—x> 2a & a—x

|If a=5, thena’= 25|

d d
_',.[25_):(2 - J‘52 —sz

1 [5+xj
= log +c
2x5 5—-x
(5+x)
= 1 +c
10 5-x
dx
3. Evaluate: -[xz 16

Solution:
_[ dx —Llo (x—aj
-a 2a \x+a
J- dx 1 o [x74)+c
T T ke B e
1 [x—4)
=—log| —|+¢
8 X+ 4

4. Evaluate: Id—x
’ TJ36-x2

Solution:

J.\/:—sm (X]Jrc

la>=36=a=6]

j\/j—51n (Xj'i‘c

PART-B & C

dx

1. Evaluate: jm

Solution:

-

(2x+3)*+9
y=2x+3

_,

dx

dy = 2dx

%dy=
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1
1= dy a’=9=a=3
2y +9
=lxltanl(l]+c
2 a a

= ! X ltan" (X) +c
3 3

2
1 1[2x+ 3]

= —tan +C
6 3

2. Evaluate: I
) (3x—4)* =25
Solution:

Puty=3x-4

dy_,
dx
dy= 3dx

%dy=

1 B3x—-4)-5 =
=—x log +c
3 2x5 3x—4+5

1 3x-9
=—1log +c
30 3x+1

dx

3. Evaluate: jm

Solution:
Cqye
I=|———— 2x)’ = 4
."49 _ (2X2)
y=2Xx

a_,
dx
dy = 2dx

%dy:
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1 d
IZ—J‘% |32=49:>a=7|

2
1 1
2 2a 71—y
1 7+ 2x
=— +c
2 2x7 7-2x

dx
4. Evaluate: I >
A121-(3x+5)

Solution:

1=
J121-(3x+ 5)°

y=3x+5

H_y
dx
dy = 3dx

%dy=

5. Evaluate:

dx
'[\/144—5x2

Solution:

I= J'd—x
J144 -5

i

122 f(\/Ex)z

Puty= J5x
dy
/5
dx V5
dy = ~/5dx

1
—dy=][d
T-ty=[a]
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I= Lj—dy

V5 122 -y

= %sin1 [gj +c
1 O (\/gx\
=—sin'| —|+¢
N ST A
EXERCISES
PART - A

Evaluate the following:

(i) j(2x3—4&)dx iii) | [x _—+ jdx (iii) j[ 32 ]dx

COS X sin”x

4x —4x
(iv) I (e+—2e) dx (v) Isec 5x tan5x dx (vi) J‘ S dx

Evaluate the following:

(@) [@-5%)dx (ii) | \/4dx_2
-X

@) | ,/# dc  (v) [V3+dx d

Evaluate the following:

| 1
(111)_[ X — —dx

(i) [oos® xsinx dx

. logx sin X . ) 4
(1V)f < dx (v) j3cos +4dx (v1)j(x +3)*x dx

Evaluate the following:

. dx
@ I 49+ x°

(iii) | —dex% (i) | —65" 2
- V64 —x

PART B and C

Evaluate the following:

(i) [(3x—4) 2x+5) d (ii) I[x —lj [3+ %] dx (iii) fwdx

sin” x dx
) -[1 COS X (V)Il+cosx * (Vl)l—smx x
Evaluate the following:
(i) [sin’4x dx (ii) [ cos? 3x dx (iii) [sin® 6x dx

(iv) [cos® 2x dx (V) [coslixsin7x dx  (vi) cos6x cos2x dx
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(i) 250+

Evaluate the following:

(i) [(3—cosx)’sinx dx

(iv) [x*sec’(x’) dx

Evaluate the following:

i | —(tﬁx’j) dx

(iv) ,[ tanx dx
log(secx)

Evaluate the following:

. X
O [4 Gx+ 1)
. dx
i) | (5x+2) —4

2x* 8

. ()——gxy+c

. e4x e%x
(1V) — + +c
2| 4 —4

(i) 2—;(2 —5x) +¢

(iv) sinx+c

(1) B COsS

@iv) %(log x)’+c¢
L1 l[x)
1) —tan | —|+cC
()7 2

1 Xx—6
i) —1 (—]Jr
( )12 °8 X+ 6 ¢

2
—-20x+c¢

(iv) X+ sinx+ ¢

(v) [ sin2x dx

(i1) J\/sinx cosx dx

v) J‘ezsnf1 X 1

1-x

(i) Izsfﬁ (iii)
dx
ey
ANSWERS
PART - A

4
i) X+ Li logx+ o
4 x

secS5x

(v)
oy g X

(11) sin [5) +c

V) %(3+ 4x)% + ¢

(ii) %10g(1+ e )+c

(v) %log(3cosx+ 4+ ¢
1 2+ X
a1 ( )+
(11)4 og = c

(iv) sin™* [9 Ty

PART -B & C

3x? 5
i) —+2logx+ =x*+c¢
(1) 2 gx+-

(V) —cotx+ cosecx+ ¢

cosec’x dx
G )-[ 4+ S5cotx

(vi) (x> —6x+5)" (x—3) dx

j4(7 3)’

) V169 — 4x2

(iii) 7tanx+ 3cotx+ ¢
: 1 8x-5
+c (vi) ge +c

(iif) %tan’l (%] +c
(vi) —241-x+c¢

tan”' x

(iii) e +c

(vi) %(x2 +3) +c

3
(iii)x?—x+logx+c

(vi)tanx+ secx+ ¢
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[\

L1 sin 8x 1 sin 6x ... 1| —3cosb6bx cosl8x
)= x- +c (i) —=| x+ +c (i) — + +c
2 8 2 6 4 6 18
. . 1] 3sin2x sin6x 1| —cosl8x cos4x .. 1] sin8x sin4dx
(iv) = + +c (v)— + +c  (vi)— + +c
4 2 6 2 18 4 21 8 4
L1 6 . IR |
. (1) —g(?)—COSX) +c (i1) —2cosVx +¢ (iii) —glog(4+ Scotx)+c¢
@iv) %tan(x3)+ c (V) —e>*+ ¢ (vi) %(x2 —6x+5)°+c
-1 .
() Litan" %) + o (i) Z(sinx)? + ¢ iy 408 (o =L o
4 3 -1 logx
Hint=y=1 -
(ivy Ty mloglseex) T s (Vi) 2%+ 3x —4) 2 1 ¢
log [log(secx)]+ ¢ 2
() ~tan! [3” 1) +o (if) ——tan " (2—") vo o (i) —log| 2P TX=I 1
6 2 10 5 28 2—(7x+3)

1 [ (5x+2)-2 : ][il) L1 ,[2_x]
@iv) 10g{—(5x+2)+2}+c (V) sin 5 +c (Vl)2SIIl e +c
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INTEGRAL CALCULUS-II

5.1 INTEGRATION BY PARTS

Integrals of the form Ix sin nx dx, [ x cos nx dx, | x e™ dx, [x log x dx and | log x dx. Simple Prob-
lems.

5.2 BERNOULLI'S FORMULA

Evaluation of the integrals Jx™ sin nx dx, [x™, cos nx dx and [x™ enx dx where m <2 using Bernoulli's
formula. Simple Problems.

5.3 DEFINITE INTEGRALS

Definition of definite Integral, Properties of definite Integrals — Simple Problems.

5.1 INTEGRATION BY PARTS

Introduction:
When the integrand is a product of two functions and the method of decomposition or substitution
cannot be applied, then the method of by parts is used. In differentiation we have seen.
d dv  du

—(@v)=u—-+v
dx dx  dx

i.e d(uv) =udv + vdu

Integrating both sides:
Id(uv) =Iudv+ J. vdu

uv= judv+ Ivdu
i.ej. udv=uv-— I vdu

I udv=uv-— Ivdu is called Integraiton by parts formula.

The above formula is used by taking proper choice of 'u' and 'dv'. 'u' should be chosen based on the
following order of Preference.

1. Inverse trigonometric functions
2. Logarithmic functions

3. Algebraic functions

4. Trigonometric functions

5. Exponential functions

Simply remember ILATE.
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WORKED EXAMPLES
PART - A

1. Evaluate: jx cosx dx
Solution:
J.udV= uv — Ivdu

choosing u =x and dv = cosx dx
du=dx Idv= Icosxdx
v =sin X

" IX cosx dx =Xsinx—Isinx dx

=xsinx+cosx+c
2. Evaluate: Ilog xdx
Solution:
Choosing u = log x and dv = dx

Judv= uv—jvdu

du= %dx Idv= _fdx

v=X

.‘.Ilogx dx = logx. X—J‘x%dx
= Xlogx—jdx

=xlogx—x+c

PART-B & C

1. Evaluate: Ixe’xdx
Solution:

u=x dv=e'dx

du .
—=1 v=—¢
dx

du=dx

J.udV= uv — Ivdu
w [xerdx = (%) (e ) - [ e Mdx
=—-xe "+ Je”‘dx

=—-xe'—e“+c¢

=—e " (x+D+c
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2. Evaluate: Ix sin2x dx

Solution:

u=x dv=sin2x dx

du —C0s2x
dx 2
du=dx

Iudv= LlV—J.Vdu

jxsin2x: (X)[cozsb() —JCO;ZX dx

— 2 1
= w+ —_fcost dx
2 2
—XCc0s2Xx sin2x
= + +c
2 4

3. Evaluate: _[X logx dx

Solution:
Choosing  u=logx anddv=xdx

2
du:ldx V:X—
X 2

2 2
Ix logx dx = logx[%J —J.X?x%dx

2
. l;gxf%jx dx
2 2
_X logx_x_Jrc
2 4
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5.2 BERNOULLI'S FORM OF INTEGRATION BY PARTS

If u and v are functions x, then Bernoulli's form of integration by parts formula is
judv= uv—u'v,+u"v, —u""vy+

Where u’, u”’,u’""..... are successive differentiation of the function u and v, v, v,, v, eeueveee.
successive integration of the function dv.

Note:
The function 'v' is differentiated upto constant.
PARTB & C

Example:

1. Evaluate: szezxdx
Solution:
Choosing u= x> and dv=e*dx

u’ = 2x _627
V="

u=2 :

o]

fudv= uv—u'v,+u"v, —u"'vy+ ...

e2x 2X62x 2er
- +
4

fxze2xdx =x’

2. Evaluate: Ixz sin2x dx

Solution:
Iudv =uv—-u'v,+u"v, —u""vy;+ ...

u=x> and dv=sin2x dx

W= 2x v —cos2x
2

0 =2 v, = —sin2x
4

_ cos 2x

? 8
- [x?sin2x dx = (Xz)[%b(sj - (2x)[_s‘i;l 2"] + (2)[6022"] oy

—x%cos2x xsin2x cos2x
= + +
2 2 4
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2
3. Evaluate: IX cos3x dx
Solution:
Iudv =uv—-u'v,+u"v, —u""vy;+.........

u=x> and dv=cos3x dx

u' = 2x v sin3x
3
u"=2 v,= —cos3x
9
—sin2x
v, =
27
-'-_[Xz cos3x dx = (Xz)[sm3x) —(2x)(COS3X]+ (2)(sm3x)+ .
3 9 27
x?sin3x 2xcos3x 2sin3x
= + - +c
3 9 27

5.3 DEFINITE INTEGRALS

Definition of Definite Integrals:

Let If (x)dx = F(x)+ ¢, where c is the arbitrary constant of integration. The value of the integral.
whenx=b,is F(b)+c ... (1)

and whenx =a,is F(a)+¢ ... 2)

Subtracting (2) from (1) we have

F(b) — F(a) = (the value of the integral when x = b) — (The value of the integral when x = a).
b
ief f(x)dx=[F(x)+c]

=[F(b)+ c]-F(a)+c
=F(b)+c—F(a)-c
= F(b)-F(a)

Thus

jf (x)dx is called the definite integral, here a and b are called the lower limit and upper limit of

a

integral respectively.

Properties of Definite Integrals:

Certain properties of definite integral are useful in solving problems. Some of the often used
properties are given below.
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l. .Iff(x)dxz —jf(x)dx

2. [[f()+ g(ldx = [ f(x)dx + [ g(x) dx
3.If a<c<bin|a,b]

j.f(x)dxz jf(x)dx+ .Tf(x)dx
4. Tf(x)dXZ j.f(t)dt

5. jf(x)dx= jf(a—x)dx
6. ff(x)dx= 2]llf(x)dx if f(x) is even i.e f(— x) = f(x).

=0uf(x)isodd iff(x)isodd i.e f(—x)=-1(x)

7. Tf(x)dx= Tf(2a—x)dx

WORKED EXAMPLES
PART - A
¢l
1. Evaluate: I—dx
| X
Solution:
1
Let I= j —dx
| X
=[log X]l2
=log2 —logl (. logl=0)
I=1log2
i

2. Evaluate: I sin x dx
0

Solution:

i
Letl= Isinx dx

0
= [fcosx];%
oL
= —cos—+ cos0
2

=0+1
I=1
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A
3. Evaluate: j sec’ x dx

Solution: 0

A
Let1= 'f sec’ x dx
0

= [tanx]ZA
= tanEftano

I=1

2
4. Evaluate: 1= J.(x+ x%) dx

Solution:

2
LetI= I(x+ x*) dx

T
(22 2 (1 1)
2735273

3)
& )(1 )
(12+16j [3+2)

_28
6

+

28

1
5. Evaluate: sz (1-x)"dx

0
Solution:

By property : If(x) dx=If(a —x)dx
0 0

[x*(1-x)"dx=[(1-%[1-(1-%)]"dx

0

1
= [a-2x+x*) x . dx
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PART-B & C
Tfﬂdx
1. Evaluate: + 1+ sinx
Solution:
A 2
Let1= [ =" dx
, 1+ sinx
_ ?mdx
o 1+ sinx
_ J-(l—smx)glﬁ— sinx) dx
< 1+ sinx
7
_ j(l—sinx) dx
0
=[x+ cosx];%
- [E+ coszj —(0+ cos0)
2 2
b1
= =+ oj— 0+1
GRORCE
T
2
i
Evaluate: Icoszx dx
Solution: °
7
Let1=f cos’ x dx
0
A
1 2
I= _[Cos x dx cos’ X = ks
0 2
%
- _J' (1+ cos2x) dx
2 0
1[ sinZX}%
=—|x+
20 2
1_[75 sinn) ( sinO)
2[\27 2 2
e
=—|—+0-0+ 0}
20
1:1'2}
202
T
4
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T
7 sin x

LSS
3. Evaluate: ) sinx+ cosx

Solution:

J.f(x) dx = J.f(afx) dx by property

0 % 0 .
s Let 1= J._Sde ...... )
) SINX+ CosX

% sin
G )
0 sm( / )+ cos( / )
7
= L S )
5, COSX+ sinx
Adding (1) & (2)
7 sinx 7 COSX
21= j j
sinx+ cosx {, COSX+ smx
% sin X+ cos X
_ [fsinxtcosx
% SINX+ cosx
%
= Idx
0
[ T
21= I:X :Io
2= 0
2
==
4
7
4. Evaluate: J- sinx cosx dx
Solution:
The given Integrand sin’x cos x is even.
7 7
" j sin’ x cosx dx= 2_[ sin’ x cosx dx
=2 0
3T
_ {sm%c} ’ f(x)=sinx
30 f’x = cosx
2 =
= —[sin3 g— sin’ 0} n=2
3 using [[f(OT"f'(x) dx
2
— _(1) n+1
_IFeor
n+1
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EXERCISE
PART - A
1. Evaluate: Ixe"dx
2. Evaluate: _[X sinx dx
3. Evaluate: Ixez"dx
4. Evaluate: jxcosx dx
PART - B
1. Evaluate: _[X2 sinx dx
2. Evaluate: Ixz cosx dx
3. Evaluate: sze" dx
4. Evaluate: Ilogx dx
2
5. Evaluate: J-(X+ xz) dx
1
7
6. Evaluate: j cosx dx
0
7
7. Evaluate: Jsinx dx
0
8. J.cos x dx
0
PART - C
Evaluate the following:
1) jx3e"dx 2) J.x3 sin xdx
3) Ix3 cosdx 4) flogx Cx"dx
7 7
5) f sin” x dx 6) Icosz x dx
0 0
| %
7) [ (@x+3)* dx 8) [ 2sin3x cos 2x dx
0 0
Yoo %
9) j X 10) Isin7 xcosx dx
y, 1 —cosx 0
ANSWERS
PART - A
1) xe*—e*+c 2)—xcosx+sinx+c
er er
3)X2 - 4+C 4) xsinx +sinx+¢
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PART - B
1) —x>cosx+2xsinx+2cosx+c¢
2) x*sinx+2xcosx—2sinx+c
3) x?e*—2xe*+2e*+c¢
4) xlogx—x+c¢c
5) 23 6) 1 71 8)0
6
PART - C

1) x}er—3x%e*+b6xe*—6¢e +c
2) —x3cos X +3x%sin X + 6X cos X — 6 sin X + ¢
3) x3sinx +3x*cos x —6XSinXx—6cos X +¢

n+1

n+1
4) X logx  x -
n+1 (n+1)

C

5) = 6) = 7) 288.2 g S 9) =+1
T ) 288, )2 )

1
10)
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UNIT -1 |

PROBABILITY DISTRIBUTION-I

1.1 RANDOM VARIABLE

Definition of Random variable — Types —Probability function — Probability density function. Simple
Problems.

1.2 MATHEMATICAL EXPECTATION
Mathematical Expectation of discrete random variable, mean and variance. Simple Problems.
1.3 BINOMIAL DISTRIBUTION

Definition Binomial distribution P (X = x) = nCx px qn—x where x =0, 1, 2, ......... Statement only. Ex-
pression for mean and variance. Simple Problems.

1.1 RANDOM VARIABLE

Introduction:

Let a coin be tossed. Nobody knows what we will get whether a head or tail. But it is certain that
either a head or tail will occur. In a similar way if a dice is thrown. We may get any of the faces 1, 2, 3, 4,
5 and 6. But nobody knowns which one will occur. Experiments of this type where the outcome cannot
be predicted are called "random" experiments.

The word probability or chance is used commonly in day-to-day life. For example the chances
of India and South Africa winning the world cup Cricket, before the start of the game are equal (i.e.,
50:50). We often say that it will rain tomorrow. Probably I will not come to function today. All these
terms-chance, probable etc., convey the same meaning i.e., that event is not certain to take place. In
other words there is an uncertainty about the happening of the event. The term probability refers to the
randomness and uncertainty.

Trail and Event:

Consider an experiment of throwing a coin. When tossing a coin, we may get a head (H) or tail (T).
Here tossing of a coin is a trail and getting a head or tail is an event.

From a pack of cards drawing any three cards is trail and getting a King or queen or a jack are
events.

Throwing of a dice is a trail and getting 1 or 2 or 3 or 4 or 5 or 6 is an event.
Sample Space:

The set of all possible cases of an experiment is called the sample space and is denoted by S.
Mathematical Definition of Probability:

No. of favourable cases

Probability of Event E =
Total no. of outcomes



P(E)= %

Where 'm' is number of favourable cases = n (E) and 'n' is number of exhaustive cases = n(S).
Random Variable:
A function X which transforms events of a random experiment into real numbers is called random

variable. It is denoted as X : S — R, where S is sample space of random experiment and R is set of real
numbers.

Example:

Two coins are tossed at a time.

Sample space is S = {HH, HT, TH, TT}. If we take X is the number of heads appearing then HH
becomes 2. HT and TH becomes 1, and TT becomes 0.

.. X (number of heads) is a random variable.
Types of Random Variables:

There are two types of random variables known as

(i) Discrete random variable

(i1) Continuous random variable
Discrete random variable:

If a random variable takes only a finite or a countable number of values, it is called a discrete random
variable.

For example, when two coins are tossed the number of heads obtained is the random variable X.
Where X assumes the values 0, 1, 2. Which is a countable set. Such a variable is called discrete random
variable.

Definition:
Probability Mass Function:

Let X be a discrete random variable with values x, X,, X, ......... x,. Let p (x,) be a number associated
with each x..

Then the function p is called the probability mass function of X if it satisfies the conditions
Hpx)=0fori=1,2,3, ... n
(i) Zp(x,) = 1
The set of ordered pairs [x, p(x,)] is called the probability distribution of X.
Continuous Random Variable:

A random variable X is said to be continuous if it can take all possible values between certain lim-
its.
Examples:

1. Life time of electric bulb in hours.

2. Height, weight, temperature, etc.
Definition:
Probability density function:

A function f'is said to be probability density function (pdf) of the continuous random variable X if
it satisfies the following condition:

1. f(x)>0 forallx € R

2. j f(x) dx =1
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Definition:

Distribution function (Cumulative Distribution Function).

The function F(X) is said to be the distribution function of the random variable X, if
FXX)=P(X< x); —0o<x<w

The distribution function F is also called cumulative distribution function.

Note:

1. If X is a discrete random variable then from the definition it follows that F(X) = Zp(x,), where
the summation is overall x, such that x, <x.

2. If X is a continuous random variable, then from the definition it follows that
—4x

y= Ae* + Be™ + ©
10

+ 4xe™

where f{(t) the value of the probability density function of X at t.

WORKED EXAMPLES
PART - A
1. Find the probability distribution of X when tossing a coin, when X is defined as getting a head.
Solution:
Let X denote getting a head.
Probability of getting a head = %
1
Probability of getting a tail = 5
The probability distribution of X is given by
X : 0 1
P(X=x: % JA
2. When throwing a die what is probability of getting a 4?
Solution:
Total number of casesn=6 (1, 2, 3,4, 5, 6)
Number of favourable cases = 1
.". Probability of getting 4 = L 1
n 6
2x
3. Verify that f(x)=1 9’ is a probability density function.
Solution: 0, otherwise

+00

3 273
.[ f(x)dx= .[Z—dez Z[X—}
o 9 9L 2 |,

—0

4

=1
= f(x) is a probability density function.
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PART - B
1. Arandom variable X has the following probability distribution:
X 0 1 2 3 4

P(X): 3a 4a 6a 7a 8a
Find (i) Value of a.
(i) P(X<2)
Solution:
(1) Since X P(X)=1
=3at+4a+6at+Tat+t8a=1

28a =1
1
a=—
28
(i1) P(X<2) =PX=0)+PX=1)+P(X=2)
=3a+4a—+6a
=13a
_ 13[Lj
28
1
28
PART - C
kx*, 0<x<3
1. Iff(x)= , 1s a pdf, find the value of k.
0  else where
Solution:
Since f(x) is a pdf.
We have

jf(x) dx=1

Tkx2 dx=1

3 3
K{X—} -1
3 0

105
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1.2 MATHEMATICAL EXPECTATION OF

DISCRETE VARIABLE
Expectation of a discrete random variable:
If X denotes a discrete random variable which can assume the value x , x, ........... x with respective
probabilities p,, p, .oevevves p, then the mathematical expectation of X, denoted by E(X) is defined by
E(X)=p;X,+ D)Xy + e +p,X,

= Zn:pixi where Zn:pi =1
i=1

pu
Thus E(X) is the weighted arthmetic mean of the values x; with the weight to p (x,).
.. Mean X = E(X).
Hence the mathematical expectation E(X) of a random variable is simply the arithmetic mean.
Result: If ¢ (x) is a function of a random variable X, then
E[$ (x)] = ZP(X = X) ¢ ().
EX?) =p X2+ pX> T pX’ + o

Properties of mathematical expectation:

—

E(C) = C, where C is a constant.

2. E(CX)=CE(X).
3. E(ax +b)=aE(X) + b, where a, b are constants.
4. Variance of X = Var(X) = E{X - E(X)}>.
5. Var(X)=EX? - [E(X)]
6. Var (X + C) = Var (X) where C is a constant.
7. Var (aX) = a*Var(X).
8. Var (aX + b) = a?Var(X).
9. Var (C) =0, where C is a constant.
WORKED EXAMPLES
PART - A
1. Find the expected value of the random variable X has the following probability distribution.
X 1 2 3
1 1
P(X): — — —
) 6 6 6
Solution:
Exepctation of X.

E(X)=XxP(X))

=1><l+2><i+3><l
6 6 6
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2. Evaluate Var 2X =+ 3).
Solution:
We have Var (ax + b) = a? Var (X)
Var (2X + 3) = 2% Var (X)
=4 Var (X)
3. Arandom variable X has E(X) =2 and E(X?) = 8. Find its variance.

Solution:
Var (X) =E(X?) - [EX)P
=8 —[2]
=8-4
Var (X) =4
PART - B
1. Arandom variable X has the following probability distribution:
X = =3 6 9
P(X) : ! - 1
6 2 3

Find E 2X + 1).
Solution:
E(2X+1)
=E(2X)+E(1)
E@2x+1) =2E(X)+1
Where E(X) = Zx, P(x))

oo (l- o2

36 9
=——+—+—
6 2 3
_—3+18+18
6
_ 343633 11
6 6 2

EQ2X+1)= 2(1—21]“

=11+1
EQ2X+1)=12
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PART -C
1. The monthly demand for ladies hand bags is known to have the following distribution.

Demand 1 2 3 4 5 6
Probability 0.1 0.15 0.20 0.25 0.18 0.12

Determine the expected demand for ladies hand bags. Also obtain variance.

Solution:
(x2) 1 4 9 16 25 36
Demand x) 1 2 3 4 5 6
Probability P(x) 0.1 0.15 0.20 0.25 0.18 0.12

Expected demand, E(x) = Y x;p,
i-1
= 1(0.1)+2(0.15) + 3 (0.20) + 4 (0.25) + 5 (0.18) + 6 (0.12)
=0.1+03+0.6+1.0+09+0.72
=362

E(x 2) = inzpiz
i1

=1(0.1) + 4 (0.15) + 9 (0.2) + 16 (0.25) + 25 (0.18) + 35 (0.12)
=0.1+0.6+1.8+4.0+4.5+4.32
=15.32
.". Variance = E(x) — [E(x)]?
=15.32 - (3.62)
=15.32-13.10
=222
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1.3 BINOMIAL DISTIRBUTION

Introduction:

Binomial distribution was discovered by James Bernoulli (1654 — 1705) in the year 1700 and was
first published in 1713.

An experiment which has two mutually disjoint outcomes is called a Bernoulli trail. The two out-
comes are usually called "success" and "failure".

An experiment consisting of repeated number of Bernoulli trails is called Binomial experiment. A
Binomial distribution can be used under the followiong conditions.

(1) The number of trials is finite.
(i1) The trials are independent of each other.
(ii1) The probability of success is constant for each trial.
Probability funciton of Binomial Distribution:
Let X denotes the number of success in # trial satisfying binomial distribution conditions. X is a

random variable which can take the values 0, 1, 2, ......... n, since we get no success, one success or all
success.

The general expression for the probability of x success is given by
P(X=x) =nC p'q"*x=0,1,2,3, ... n.
Where P = probability of success. In each trial and q =1 —p.
Definition:

A random variable X is sai dto follow binomial distribution, if the probability mass funciton is given

by
P(X=x) =nC pq"*,x=0,1,3, ... n.
=0 otherwise

Where n, p are called parameter of the distribution.
Constants of the binomial distribution:

Mean = np

Variance = npq

Standard Deviation = \/@
Note:

(i) 0<p=<l,0<q<landp+q=1.

(i1) In binomial distribution mean is always greater than variance.

(ii1) To denote the random variable X which follows binomial distribution with parameters n and p
is X ~ B (n, p).
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WORKED EXAMPLES
PART - A
1. Find n and p in the binomial distribution whose mean is 3 and variance is 2.
Solution:

Given, mean = 3

i.e np = 3 and Variance npq = 2

npq_2
np 3
q=£ p=1-q
3
2
P=1—§
1
P=3

1
2. In a binomial distribution ifn=9 and p = 3 what is the value of variance?

Solution:
Given:n=9, p= 3
q=1-p
1
=1-——
1773
_2
d 3
.. Variance = npq

Variance = 2

PART -B
1. If the sum of mean and variance of a binomial distribution is 4.8 for 5 trials, find the distribution.
Solution:

Mean=np ; Variance =npq
Given sum of mean and variance is 4.8.
ie np+npq=4.8

np (1+q)=4.8
np(1+1-p)=4.8
S5p(2—p)=4.38

10p—5p*—4.8=0
or 5p*—10p+4.8=0 = p=12, 038
S.op=0.8, q=0.2 ("." p cannot be greater than 1)
The binomial distribution is
P (X=x)=5C_(0.8)(0.2)*
Where x=0,1,2,3,4,5
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2. Intossing 10 coin. What is the chance of having exactly 5 heads.

Solution:
Let X denote number of heads
p = Probability of getting a head = %
q=1-p

-1t
2

=t
2

n = number of trial is 10.

.". The binomial distribution is
P(X=x) =nC pq"*

Probability of getting exactly 5 heads

s (Y (4

5 5
- 3] (3
2/ \2
10
()
2

_ 6
256
PART -C
1. Ten coins are tossed simultaneously find the probability of getting atleast seven heads.
Solution:
Givenn=10, p= l, q=1- l = —
2 2 2

P(X=x) =nC pq**
X 10-x
-1c,(3) (3
2 2
x+10-x
e (Y
2

P(X=x)=10C, (310

Probability of getting atleast seven heads is
P(x>7) =P(x=7)+P(x=8+Px=9)+P(x=10)

1 10 1 10 1 10 1 10
=1oc7(5) +1ocg[5] +1ocg(5] +1ocm[5j
1 10
=[§) [10C, + 10C, + 10C, + 10C, ]

=21T[120+ 45+10+1]

176
1024

P(x2> 7):%
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EXERCISE
PART - A
1. When throwing a die what is probability of getting a 4?

2. Find the chance that if a card is drawn at random from an ordinary pack, it is one of the jacks.
3. A bag contains 7 white and 9 red balls. Find the probability of drawing a white ball.
4. Arandom variable X has the following distribution :
X 0 1 2 3
P(X=x) 3a 4a 6a Ta

Find the value of 'a'.
5. If E(X) = 8 what is the value of E (3X).

6. If V(X) =2, what is the value of V (5X + 7).

2 X 3 20-x
7. Find the mean of the binomial distribution if P(x) = 20C, (gj [gj )

PART - B
1. Arandom variable X has the following distribution function.
X 0 1 2 3
B
Find P (X <2).

3x* 0<x<I1 . . . .
2. Show that { f(x)= ~ is a probability density function.
0  otherwise

3. Arandom variable X has E(X) = 2 and E(X?) = 8 find the variance.
4. GivenE (X +C)=8and E (X — C) =12 find the value of C.
5. Arandom variable X has the following probability distribution

X 0 1 2 3
1 1 1 1
P(X — — — —
X) 3 6 6 3
Find E(X?).
1
6. Write down the Binomial distribution for whichn= 10 and P = 5

X 10-x
7. Find the variance of the binomial distribution if P(X = x)=15C, [%j (g) .
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PART -C
A random variable x has the following probability distribution function
X 0 1 2 3 4 5
P(X=x) a 3a Sa 7a 9a I1a

Find (i) The value of 'a' (i) P (X <4)
If a random variable X has the following probability distribution

X -1 0 1 2

1 1 1 1

e T N A
Find (i) E(X) (i) E(X?) & (iii) Variance (X).

Ten coins are tossed simultaneously. Find the probability of getting exactly 2 heads.

With usual notation find 'p' for the binomial distribution X if n =6 and if 9P (X =4) =P (X =2).

The mean and variance of a binomial variate X with parameters 'n' and p are 16 and 8 respectively.

Find P(X=0)and P (X=1).

Eight coins are tossed simultaneously. Find the probability of getting at least five heads.

Four coins are tossed simultaneously. Find the probability of getting (i) at least two heads

(i1) at least one head.

Six coins are tossed simultaneously. Find the probability of getting at most four heads.

7) 15[

ANSWERS
PART -A
1 2)L 3)1 4)L 5)24 6)50 7)8
6 13 16 20
PART -B
3)4 4HC=-2 5 23 6) 10C [—jx[zjmx
) )C =~ )6 ) 10C, ) 3
3
585
PART -C
1 4 1 11 19 [1]10 1
—_— 2 PR 3 10C — 4 P:—
3679 )2 6 2 ) 10C, 2 ) 4
1 1 93 N0 S ] 57
= o 6)ﬁ 7) (1)16 (u)16 8) <1
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PROBABILITY DISTRIBUTION-II

2.1 Poisson Distribution:

-\ X

Definition of poisson distribution P(X = x)= where x =0, 1, 2, .... (statement only). Expres-

sions of mean and variance. Simple problems.
2.2 Normal Distribution:

Definition of Normal and Standard normal distribution-statement only. Constants of normal dis-
tribution (results only). Properties of normal distribution-Simple problems using the table of standard
normal distribution.

2.3 Curve fitting:

Fitting of straight line using least square method (results only simple problems).

x!

2.1 POISSON DISTRIBUTION

Poisson distribution was named after the french mathematician Simeon Devis poisson who discov-
ered it. Poisson distribution is a discrete distribution.

Poisson distribution is a limiting case of binomial distribution under the following conditions.
(1) n, the number of Independent trials is indefinitely large. i.e n — .

(i1) p, the constant probability of success in each trial is very small ie p — 0.

(i) np = A is finite where A is a positive real number.

Definition:

A discrete random variable X is said to have a poisson distribution if the probability mass function
-\ X

e
of Xis P(X=x)=
tion.

x=0,1,2, ... for some A >0 and A is the parameter of the poisson distribu-

' b

Constants of poisson distribution:
(i) Mean =2
(i) Variance = A
(iii) Standard deviation = /),
Examples of poisson distribution:

1. The number of printing mistakes in each page of a book.

2. The number of suicides reported in a particular city in a particular month.
3. The number of road accidents at a particular junction per month.
4

The number of child born blind per year in a hospital.



Probability Distribution-II ¢ 115

WORKED EXAMPLES
PART - A
1. If the mean of the poisson distribution is 2. Find P (x = 0).
Solution:
—An x
We know P(X=x)= © 7'”
Given: A=2 X
efl 20
P(X=0)= ol
= 672

2. If the mean of the poisson distribution is 4. Find the value of the variance and standard deviation.

Solution:
Given Mean=\A=4
Variance=A=4

SD=+A=+/4=2

1
3. Ina poisson distribution if the variance is 2. and P= 100 what is n.

Solution:
We know A =np
1
Given: A=2, P=—
: 100
S2=n——m
100
e n= 200
PART -B
1. Ina poisson distribution if P (x =3) =P (x =2) find P (x = 0).
Solution:
Given: P(x=3)=P(x=2)
—}»7\‘)(
We know P(X = x)= < '
X!

e"N e

3! 2!
A1
1x2x3 1x2

A=3
e>3’
P(x=0)= ol
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2.

If 10% of the screws produced by an automobile machine are defective. Find the probability that out
of 15 screws selected at random only 3 are defective.

Solution:

Let p-denote the probability of defective screw.

1
Given: p=10%= ﬂz —,n=15
100 10
A=np
=15x i
10
_3
2
X-denote the number of defective screws.
-1.5 1. 3 -Aq x
px=3)= U iy -2
! x!
=0.1255

Probability for 3 screws to be defective = 0.1255
PART - C

2
1. If X is a poisson variable with P (X =2) = 3 P(X=1), find P(X=3)and P (X =0).
Solution:

2
Given:P(X=2)=§ P(X=1)

—AA X
We know P(X:X):e 7'”
CooeM 2eM X
1.€ = —
200 3 1
r_21
I1x2 31
=2
3
(4N
c
P(X_3)_—(A)
3!
43 ef%
T3 3
_ 64 -y
27 x6
P(X=3)= 3? ¢
=0.0998
%4\
(&
roxeo. S 03)
0!
:ei%
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2. The probability that an electric bulb to be defective from a manufacturing unit is 0.02. In a box of
200 electric bulbs find the probability that
(i) Exactly 4 bulbs are defective
(i1) More than 3 bulbs are defective.

Solution:

Let p-denote the probability of one bulb to be defective.
Given: p=0.02
n= 200
A=np
=200x0.02
=4

X-denote number of defective bulbs.

0 Px=4)= =@ | pixo = &N
4! x!

_ e’ x256
24
Probability for 4 bulbs to be defective = 0.1952
(i) P(X>3)=1-(P<3)
=1-[P(X=0)+ P(X=1+P(X=2)+P(X=3)]

:1_{64(4)04_ e4(4)1+ 64(4)24_ 64(4)3i|

0! I! 2! 3!

=1-¢* 144410, 64
2 6

=]-¢* E}
6

=1-0.0183x23.67
=1-0.4332
= 0.5668

Probability for more than 3 bulbs = 0.5668
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2.2 NORMAL DISTRIBUTION

Normal distribution is a continous distribution. Like poisson distribution, the normal distribution
is obtained as a limiting case of Binomial distribution. This is the most important probability model in
statistical analysis.

Definition:

A random variable X is normally distributed with parameters p (called Mean) and o (called
Variance) if its p.d.f (Probability density function) is given by

1y

e
ov2n

f(x)= , —0< X< 0, —00< u< oo, 5> 0

Note:

X ~ N (i, o) denotes that the random variable X follows normal distirbution with mean p and
standard deviation c.
Constants of Normal distribution:

(1) Mean=p

(ii) Variance = ¢?

(ii1) Standard deviation = o

Properties of Normal Probability curve and Normal distribution:

— oo X:u oo

The normal curve is bell shaped.
2. The curve is symmetrical about X = p.

3. Mean = Median = Mode = p.

4. The curve attains its maximum value at X = p and the maximum value is ! .

5. The normal curve is asymptotic to the x-axis. oV2n

6. The points of inflection are at X = p + o.

7. Since the curve is symmetrical about X = , the skewness is zero.

8. A normal distribution is a close approximation to the Binomial distribution when n is very large

1
and p is close to 5

9. Normal distribution is also a limiting form of poisson distribution when A — co.
Standard normal distribution:

A random variable Z is called a standard normal variate if its mean is zero and standard deviation is
1 and is denoted by N (0, 1).
X—p
o

where 7= , X —normal variate.
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The probability density function of the standard normal variate Z is
1

Note:

,yxz
e’ ,—w< Z<ow

1. The total area under normal probability curve is unity.

0 ©

ie [ f(x)dx= [ o(z) dz=1
fwmwqu@&:as

(Since the normal curve is symmetrical about z = 0)
2. J.Zl ¢(x)dx is known as normal probability Integral and gives the area under standard

normal curve between the ordinates at z=0 and z = z,.

3. In the normal probability tables, the areas are given under standard normal curve. We shall deal
with the standard normal variate z rather than the variable X itself.

WORKED EXAMPLES
PART -A
1. When X =100, p = 80, o = 10 what is the value of z?
Solution:
We know Z= X-u
c
~100-80
10
=2

2. If X is normally distributed with mean 80 and standard deviation 10. Express P (70 < X < 100) in
terms of standard normal variate.

Solution:
Given: Mean = p = 80
SD=c=10

X—u
(¢}

We know 7=

70-80
10

10080
10

S P(70<X<100)=P(-1<Z<2)

When X =70, Z= -1

2

When X =100, Z=

PART - B
1. If X is a normal variate with mean 80 and S.D 10. Compute P (X < 100).
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Solution:

We know Z = X—p
c

When X =100,

10080
10

Z

=2 — 0 Z=0

SP(X<100) =P(Z2<2)
=P(-0<Z<0)+P(0<Z<z)
=0.5+0.4772 (from table)
=0.9772

2. If X isnormally distributed with mean 6 and standard deviation 5. Find P (0 < X <8).

Solution:

Given: Mean =pu =6

and SD=c=5
X_
We know Z= H
c
When X =0
z:giészz
5
When X =8
7-80_2_44
5 5
P(O<X<9) =P(-12<Z<04)

=P(-12<Z<0)+P(0<Z<04)
=P (0<Z<12)+P(0<Z<04)

(- the curve is symmetry)
=0.3849 + 0.1554 (from the table)
=0.5403

— oo Z=1.2 Z=0 Z=04 e
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PART - C

1. The mean score of 1000 students in an examination is 36 and standard deviation is 16. If the score of
the students is normally distributed how many students are expected to score more than 60 marks.

Solution:
Given: Mean = p =36
SD=c =16
Number of students = 1000

X—p
(e}

We know Z=

When X = 60

,_ 60-36
16
_2
16

=—=15 /

2
— oo Z=0 Z=15 e
S P(X>60)=P(Z>1.5)

P(X>60) =P(0<Z<x0)-P(0<Z<1.5)
=0.5-0.4332=0.0668
Probability for one student to score more than 60 = 0.0668
The number of students expected to score more than 60 marks out of 1000 students
=0.0668 x 1000
=66.8
=67
2. When X is normally distributed with mean 12, standard deviation is 4. Find (i) P (X > 20),
(1) P(O0<X<12) (ii) P(X<20).
Solution:

Given: Mean = p =12

SD=c=4
X_
We know Z= H
(¢}
When X =20, Z= 20-12 _ 2
When X =0, Z:¥: -3
12-12
When X =12, Z= =0 /

(i) P(X>20) =P(Z>2)
=P(0<Z<w)-P(0<Z<2)
=0.5-0.4772
=0.0228
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(ii) PO0<X<12) =P(-3<Z<0)
=P(0<Z<3)
=(.4987

(iii) P(X<20) =P(Z<2)
=P(-0<Z<0)+P(0<Z<2)
=0.5+0.4772 - oo =0 Z=2 >
=0.9772

3. In an aptitude test administered to 900 students, the scores obtained by the students are distributed
normally with mean 50 and standard deviation 20. Find the number of students whose score is
(i) between 30 and 70.

Solution:
Given: Mean = p = 50
S.D=6=20
Number of students = 900
X—p
c

We know Z=

30-50

When X=30; Z= -1

7050

When X=70; 7= 1

S PB0O<X<T70) =P(-1<Z<1)
=P(-1<Z<0)+P(0<Z<1)
=P0<Z<D+PO0<Z<I)
=2P(0<Z<1)
=2x0.3413
=0.6826
Probability for a students score is between 30 and 70 = 0.6826
The number of students whose score is between 30 and 70 out of 900 students
=0.6826 x 900
=614.34

614

I

4. Obtain K, p, 6? of the normal distribution whose probability distribution function is

f(x) = Ke*zxz*“", — 00 <X < o0,

Solution:

1 =y
e % —w<X<®,
o2 ’

First consider, the power of the exponential (e)

The normal distribution is f(x)=
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i.e —-2x2+4x =-2(x*-2x)
=-2(x*-2x+1-1)
= 2[(x- 1y~ 1]
=-2(x-1)*+2

2x%+4 “2(x-1)*+2
e * = g2

—(x-1)?
1
=¢’.¢e %

1 x?

212

Comparing with f(x)
x—1)> ) xL i
! ei%[ 0“) =Ke’.e 4 12}
oV2x
Wegetcs—l u=1,Ke = !
2’ ’ o2n
1
~K= e’
%\/ 21
2e
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2.3 CURVE FITTING

Introduction:

Some of the methods of fitting curves are graphical method, which is a rough method and method
of group average in which the evaluations of constants vary from one grouping to another grouping of
data. So we adopt the method of least squares which gives a unique set of values to the constants in the
equation of the fitting curve.

Fitting a straight line by the method of least squares:

Let us consider the fitting of a straight line y = ax + b to the set of n points (x,, y),1=1, 2, ....... n our
aim is to determine a and b so that y = ax + b is the line of best fit. We apply the method of least squares
to find the value of a and b.

The principle of least square consist in minimizing the sum of the square of the deviations of the
actual values y from its estimated values as given by the line of best fit.

LetP(x,y),1=1,2, ... n be any general point in the Scatter diagram. Let y = f(x) be the relation
suggested between x and y.

Let the ordinate at P, meet y = f(x) at Q, and x-axis at .
mQ = fx) & pP, =y,
QP =uP—urQ
=y, —f(x),(=1,2,.......... n) Y=f(x)
d. =y —f(x) is called the residual at x = x, some of the d.'s may be ¥ P (x.y,)
possive and some may be negative. |
Q

E=Yd’=Y [y, ~f(x,)I’ is the sum of the square of the resdual. —

i=1 i=1 2

If E =0, i.e each d. = 0 then all the n points P, will lie on Y = (x).

If not, we will make f(x), closer such that E us minimum this principle
is known as the principle of least squares.

E=>[y, —(ax; + b)I 0 M, M, M, M, M,
i=1

By the principle of least square, E is minimum

8_E: 0 and G_E: 0
Oa ob

ie Z(xiyi —ax,” —bx,)= 0 and Z(yi —ax; —b)=0

i=1 i=1

ie azn: X+ bzn: X, = ixiyi ........ )
in1 i-1 i=1

& azn:xi-i-nbzznlyi ........ (2
o1 i-1

Solving equation (1) & (2) we get the values of a & b. To obtain the line of best fit.

Note:

(1) Equations (1) & (2) are called normal equations.
(i1) Equations (1) & (2) can also be written as

aXx’ + bIx = Xxy

aXx + nb = Xy by dropping suffix.
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PART -C
1. Fit a straight line to the data given below:
X 0 1 2 3 4
1 1.8 33 4.5 6.3
Solution:
Let the straight line be y = ax + b.
The normal equations are
aXx+nb=Xy ... (1)
aXx? + bIX =3Xxy = ... (2)
X y X2 Xy
0 1 0 0
1 1.8 1 1.8
2 33 4 6.6
3 4.5 9 13.5
4 6.3 16 25.2
2x=10  XZy=16.9 2x*=30 Yxy=47.1
n=>5
Substituting the values, we get
10a+5b=169 ... 3)
30a+10b=47.1 ... 4)

Solving equations (3) & (4) we get
a=1.33,b=0.72
Hence the equation of best fit is y = 1.33x + 0.72.
2. Fit a straight line for the following data:

X 0 12 24 36 48
25 55 65 80 90
Solution:
X -24 Y - 65
Letu= , V=
12 10

Let the line in the new variable be v=au + b.

The normal equations are

aXu+nb=%Xv ... 1)

aXu’+bZu=Xuv ... ()

X y u v u? uv
0 35 -2 -3 4 6

12 55 -1 -1 1 1

24 65 0 0 0 0

36 80 1 1.5 1 1.5
48 90 2 2.5 4 5

Su=0 Xv=0 XZu*=10 Xuv=13.5,
n=>5
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Substituting the values we get,
5b=0=b=0
10a+0=13.5
a=1.35
The equation is V = 1.35u

[y—65):1'35(x—24j
10 12

13.5
—65=—""(x—24
y B ( )

y=1.125x - 27+ 65
y=1.125x+ 38

This is the equation of best fit.
3. Fit a straight line for the following data:

Year: 1984 1985 1986 1987 1988 1989
Production: 7 9 12 15 18 23
(in tones)

Estimate the production for the year 1990.

Solution:

Let x denotes the year and y denotes the production (in tones)
Letu=X-1987
v=Y-15
Let the line of best fitbe v=au +b
.". The normal equations are

aXu+nb=%xv ... (D)
aXu’+bXu=Zuv ... 2)
X y u v u? uv
1984 7 -3 -8 9 24
1985 9 -2 -6 4 12
1986 12 -1 -3 1 3
1987 15 0 0 0 0
1988 18 1 3 1 3
1989 23 2 8 4 16
Yu=-3 Xv=6 Xu’=19 Xuv=>58

Substituting the values

—-3a+6b=-6 ... 3)
19a-3b=58 ... 4)
Solving (3) & (4) we get

a=3.142, b=0.571

.". The equation of best fit is

v=au+b

(y—15)=3.142 (X - 1987) + 0.571

The production for the year 1990 is

y —15=3.142 (1990 —-1987) + 0.571

y =3.142(3)+0.571 + 15

=24.997 tonnes



Probability Distribution-II ¢ 127

® N R wD

10.

EXERCISE
PART - A

For a poisson distribution if n = 1000 and A =1 find p.
If P (X =3)=P (x=4) find the mean of the poisson distribution.
The variance of a poisson distribution is 0.35. Find P (X = 2).
Give any two examples of poisson distribution.
Define poisson distribution.
Define normal distribution.
Write any two properties of the normal curve.

If X is normally distributed with mean 6 and S.D = 5. Express P (0 < X < 8) interms of standard
normal distribution.

Write the normal equations for the straight line y = ax + b.
Let Z be a standard normal variate calculate
HPE12<Z2<-05)
(i) P(-2<z<3)

PART - B

Find the probability that no defective fuse will be found in a box of 200 fuses if experience show
that 2% such fuses are defective.

In a poisson distribution P (X =1) =P (X =2) find P (X =0).
In a normal distribution mean is 12 and the standard deviation is 2. Find P ( 6 < X < 18).

Find Zx, Xy, Xx2, Zxy for the following data:

X 4 8 12 16 20 24
12 15 19 22 26 30
PART -C

Let X be a poisson variate such that P (X =1)=0.2 and P (X =2)=0.15. Find P (X =0).

The probability that a man aged 50 years will die within a year is 0.01125. What is the probability
that of 12 such men at least 11 will reach their fifty first birthday?

The number of accidents in a year involving taxi drivers in a city follow a poisson distribution with
mean equal to 3. Out of 1000 taxi drivers find approximately the number of driver with (i) no ac-
cident in a year (ii) more than 3 accident in a year.

If X is normally distributed with mean 6 and standard deviation 5, find
(1) P(O<X<8) (i) P x-61<10)

The life of army shoes is normally distributed with mean 8 months and S.D 2 months. If 5000 pairs
are issued, how many pairs would be expected to need replacement after 12 months.

Find C, p and o? of the normal distribution whose probability function is given by
f(x) = Ce”‘2+3", — 00 <X <00,

Students of a class were given a aptitude test. This marks were found to be normally distributed
with mean 60 and standard deviation 5. What percent of students scored (i) more than 60 marks
(i1) between 45 and 65 marks.
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8. Fit a straight line to the following data:

X 2 4 6 8 10 12
7 10 12 14 17 24
9. Fit a straight line to the following data by the method of least squares.
X 5 10 15 20 25
y 15 19 23 26 30

10. The following table shows the number of students in a post graduate course.

Year 1922 1993 1994 1995 1996
No. of Students 28 38 46 40 56
ANSWERS
PART - A
1. 0.001 2.4 3. m 8. P(-12<Z<04) 10.(1)0.8787 (ii) 0.9759
PART - B
1. e* 2. ¢? 3.0.9974 4. Zx =84, Xy = 124, x* = 1456, Xxy = 1988
PART -C
1. e 2.09916 3.(i) 50 (approx.) (ii) 353 (approx.) 4. (1) 0.5403 (ii) 0.9544
1 e%
5. 4886 shoes 6. u= > o= E’ c= ﬁ 7. (1) 50% (ii) 84%

8.Y = 1.542x + 26.794 9. Y=0.7x+123 10. 4, = 59
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APPLICATION OF DIFFERENTIATION

3.1 VELOCITY AND ACCELERATION : Velocity and Acceleration — Simple Problems.
3.2 TANGENT AND NORMAL: Tangent and Normal — Simple Problems.
3.3 MAXIMA AND MINIMA

Definition of increasing and decreasing functions and turning points. Maxima and Minima of single
variable only — Simple Problems.

3.1 VELOCITY AND ACCELERATION

Definition: Velocity

The rate of change of displacement with respect to time is defined as velocity. If 's' denotes the dis-
placement, 't' denotes the time then the velocity is v = % .
Definition: Acceleration

The rate of change of velocity with respect to time is defined as acceleration and it is denoted by 'a'.

2

The acceleration, a= d—V= i[ﬁj = d_2s .
dt dt\dt dt

Note : 1

(1) Attimet= 0, the velocity is initial velocity.

(i1)) When the particle comes to rest, then velocity v = 0.

(ii1) When the acceleration is zero, velocity is uniform.
Note : 2

If s = f(t) is the given distance time relation then its first derivative with respect to 't' is velocity and
the second desirative with respect to 't' is acceleration.

WORKED EXAMPLES
PART - A

1. The distance time formula of a moving particle is s = 2 cos 3t. Find its velocity and acceleration.
Solution:

Given: s =2 cos 3t

Velocity: v= % = 2[-3sin3t]= —6sin3t

2
Acceleration: a= %z —6[3cos3t]= —18cos3t
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2. Ifs=5t—3t>+ 10t. Find the velocity and acceleration after 't' seconds.

Solution:
Given: 5 — 3t2+ 10t
Velocity: |, ds

dt

= v=15t2-6t410

Acceleration : a = %: 15[2t]— 6[1]+ 0

 S[3t2]-3[2t]4 10[

2
= a=30t-6
3. Ifs=3t—5t+ 7 find initial velocity.
Solution:
Given: s =3t> -5t +7
.. Velocity: v= %= 3[2t]-5[1]+ 0
= v=06t-5

.. Initial Velocity = (ﬁj
t=0

=6(0)-5=-5
4. The distance travelled by a particle in time 't' seconds is given by s = t> — 12t + 3. Find the time 't
when the velocity becomes zero.
Solution:

Given:s=t*—12t+3

Velocity : v= %: [2t]-12[1]+ 0

= v=2t-12
When velocity becomes zero then
v=0=2t-12=0
2t=12
=
when t = 6 seconds, velocity becomes zero.

5. The distance time formula of a moving particle is given by s = 7t* — 5t* + 12t — 13. Find the initial
acceleration.

Solution:

Given: s=7t =5t + 12t — 13

Velocity : v= %: 7[3t7]- 5[2t]+ 12[1] - 0

= lv=21t> —10t+ 12|

2

Acceleration :a = %: 21[2] - 10[1]+ 0

= a=42t-10

2

2
i)
=42(0) —10= —10units / sec’

.. Initial Acceleration = L
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6. Ifs=ae'+ be™, show that the acceleration is always equal to its distance.
Solution:
Given: s =ae'+be' —— (1)

Velocity : v= %z a(e')+b(-e™)

=v=ae' -be' ... 2

Acceleration:a = jtzs =afe']-b[-e ']

=a=ae'+be
= (. of (1)
.". The acceleration is always equal to its distance.
PART - B
1. Ifs=2t2-3t+ 1 find the velocity and acceleration after t = 2 sec.

Solution:
Given: s =2t -3t + 1

Velocity : v= %: 2(3t%) = 3(2)+ 0

=lv=6r —et]

2

Acceleration:a= 3= 6[2t]—6[1]

t2
=

After t =2 secs:

(i) Velocity : v==6(2)>—6(2)
=6(4)-12
=24-12

=

(i1) Acceleration: a=12(2) -6

=24-6

:>|a= 18unit/sec2|

2. The distance travelled by a particle at time 't' sec is given by s = ae* + be™*. Show that the accelera-
tion is always equal to four times the distance travelled.

Solution:

Given:[s=ae” +be | ... Q)

Velocity v = %z a (2¢*")+ b(-2e™")

—|v=2ae" —2be?| . ()
d’s
Acceleration :a= TR 2a(2e”")—2b(-2e ™)
= 4ae” + 4be !

=4 (ae* + be?)

Slazsl (o)

.". The acceleration is always equal to four times the distance travelled.
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3. The velocity 'v' of a particle moving along a straight line when at a distance 's' from the origin is
expressed by s> = m + nv%, show that the acceleration of the particle is s

Solution: "
Given: s> =m + nv?
Differentiate w.r. to 't' on both sides

ZSE: 0+n 2vg

dt
2sv=2nv.a We have
s=na ds
2oy
= S dt
a=—
n ﬂ .
. S dt
=> acceleration:a= —
n
PART - C

1. The distance travelled by a particle along a straight line is given by s = 2t* + 3t> — 72t + 1. Find the
acceleration when the velocity vanishes and find initial velocity.

Solution:

Given:|s= 2 +3 = 72t+1] v, )

Velocity : v= %: 2(3t7)+3(2t) - 72(1)+ 0

=lv=6t+6t-72] (2)
2

Acceleration :a= % =6(2t)+ 6(1)-0

=la=12t+6] e 3)

(i) To find acceleration when the velocity vanishes
Whenv=0= 6t2+6t—-72=0
+6; C+t-12=0
t+4)(t-3)=0
t=—4,t=3
Here t =—4 is not possible = t = 3 sec.
. When t = 3 sec.
Acceleration, a=12(3) + 6 (using (3)
a=36+6
= a =42 unit/sec?

Acceleration is 42 unit/sec’ when the velocity vanish.
(i1) To find initial velocity:

Putt= 0 in (2) then

Velocity : v =6(0) + 6(0) — 72.

:>|V: —72unit/sec|

Initial velocity is — 72 unit/sec.



Application of Differentiation e 133

2. The distance 's' metres at time 't' seconds travelled by a particle is given by s =t — 9t> + 24t — 18.
Find the velocity when acceleration is zero and also find the acceleration when the velocity is zero.

Solution:

Given:|s=t — 9t + 24t 18] oo )

Velocity : v= %: (3t7) - 9(2t)+ 24(1) -0

= lv=3t —18t+24] ... ()

2

Acceleration :a= %z 3(2t)—-18(1)+ 0

=  la=6t—18] 3)

(i) To find velocity when the acceleration is zero
Whena=0=6t-18=0
6t=18
=
When t = 3 secs
Velocity: v =3(3)>— 18(3) + 24
=27-54+24

= [v="3m/sec]

Velocity is —3 m/sec when acceleration is zero.

(i) To find acceleration when the velocity is zero.

Whenv=0=3t>-18t+24=0
+3 ;t2-6t+8=0
t-2)t-4=0

t=2,t=4

When t =2 secs
Acceleration: a =6(2)-18
=12-18

=[a=—6m/sec’]

When t =4 secs
Acceleration , a =6(4)-18
=24-18

—=la=6m/sec’

Acceleration is 6 and — 6 m/sec’ when velocity is zero.
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. L L . . T . (m
3. [Ifthe distance 'x' of a particle in recti linear motion in 't' secs is given by x = acos [— t) + bsin (—t)
Prove that the acceleration varies as its displacement. 2 2

Solution:
. T (T
Given: |xX= acos[—t) + bsm(—t) ......... (1)
2 2
. dx . (m s yis
Velcity: v=—=a| ——sin| —t | [+ b| —cos| —t
dt 2 2 2 2
= v= —Easin[gt}r Ebcos(E‘[) .............. 3)
2 2 2 2

Acceleration:a= C::Tziz —ga{gcos(gtﬂ+ gb[—gsin(gt]]
- | I 2acos L 2bsin us,
(5) sl 39)-(5) o[
= (gjz [acos[gtj + bsin(gtﬂ
_ [Ej "] (using (1)

2

=|a ax|

.". The acceleration varies as its displacement.
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3.2 TANGENT AND NORMAL

Definition: Tangent

Let P be any point on the curve y = f(x) and let Q be any other
point on the curve close to P. The limiting position of the PQ as Q

P.

approaches to P is called the tangent to the curve y = f(x) at the point /

The tangent is a straight line which touches the curve at — oo Z=0 .

exactly one point.

Definition: Normal
The normal is a straight line passing thorugh the point P and perpendicular to the tangent PT.

Geometrical meaning of :_y :
X

Let P (x, y) and Q (x + Ax, y + Ay) be the two neighbouring points on the curve y = f(x). Let PQ

makes an angle 0 with x-axis and the tangent PT at P makes an angle y with x-axis.

— Z=12 Z=0 Z=04 b

Now, slope of the chord. PQ:

tan 0 = Yo=Y _ Y+ AY—y:ﬂ
X,—X, X+Ax-x Ax

.. Slope of PQ : tan 6 = 4y
Ax

As Q — P; Ax — 0 and 6 — y and hence chord becomes the tangent.
.". Slope of line tangent at P is,

limtan0= fim 2Y = Y tany =
6-0 &0 A dx dx

. d
Hence for the curve y = f(x), the slope of tangent is d—y

X
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Results:
. dy
1. Slope of the tangent to the curve y = f(x) at (x, y,) is m=| —
(x1.¥1)
1
2. Slope of normal = ——.
m

3. The equation of tangent to the curve y = f(x) at (x, y,) isy —y, = m (X — X,).

4. The equation of normal to the curve y = f(x) at (x,, y,) isy -y, = o (x—x)).

WORKED EXAMPLES
PART - A

1. Find the slope of the tangent to the curve y = x* at the point where x = % .
Solution:

Given: y = x*

= ﬂ= 3x?
dx
.. Slope of tangent : m = (ﬂ]
dx/ _1
2
2
_ {lj _ 3(1]
2 4

=|m=

2. Find the slope of the tangent to the curve y? = 4ax at (at?, 2at).
Solution:

Given: y* = 4ax

2yg= 4a(l)
dx

_dy_2a
dx vy

. Slope of tangent : m = [ﬂ)
dx

(atz, 2at)
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3. Find the slope of the tangent at (1, — 2) on the curve y = x* — 3x%
Solution:
Given: y = x* — 3x?

Y 1ax1-312x]

dx
= d—y= 4%’ — 6x
dx
.. Slope of tangent : m = (ﬂj
dx/,
= 4(1)’ - 6(1)
=4-6

-
4. Find the slope of normal to the curve y = x> + 7x at (1, 8).
Solution:
Given: y = x* + 7x

dy =(2x)+ 7(1)
dx

:>d—y= 2x+ 7

dx

. Slope of tangent : m = (ﬂ]

dx (18)

=2)+7=2+7
=[m=9)
-1

.. Slope normal ——= —
m 9

5. At what point does the curve xy = x — 4 cuts the x-axis.
Solution:

Given: xy=x-4 ... (1)
When the curve cuts the x-axis then put y =0 in (1) we get,
x(0)=x—-4=>x-4=0
=x=4
.". The required point is (4, 0).
PART - B
1. Find the equation of tangent at the point (1, 1) on the curve x> + 2y? = 3.

Solution:
Given: x> + 2y*=3
Differentiate w.r. to 'x' on both sides
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2x+ 2{2yﬂ}= 0
dx

+2; X+ 2yd—y= 0
dx

dx 2y
.. Slope of tangent : m = [d_y]
dx an
_ L
2(1)
1
=|m=-——
2

The equation of tangent is
y_Y1:m(X_X1) (Xl,y1)=(1,1)

y—lz—%(x—l) m:—E

2y—-2=—-x+1
x+2y-3=0

2. Find the equation of normal to the curve y = 4x —3x* at (2, — 4).
Solution:
Given : y = 4x —3x?

B 41y -32x)= 4 6x
dx

Slope of the tangent m = (g—yj =4-6(2)=4-12

X7 2,4
~m=9

.". The equation of normal is
1

y-y =——&-x) | X,y,)=(2,-4)
m

y+4:é(x72) m= -8

8y +32=x-2
-
PART - C
1. Find the equation of the tangent and normal to the curve y = 6 + x — x> at (2, 4).
Solution:
Given: y =6+ x — x*

g—i= 0+ (1) - (2x)

:>d—y=1—2X
X
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To find slope:

Slope: m= [d_yj

dx .4

=1-2(2)=1-4=-3

To find equation of tangent:
Point: (x,,y,) =(2,4) & m=-3

". The equation of tangent is
y-y,=m(x-x)
y-4=-3(x-2)
y—4=-3x+6

3x+y-10=0

To find equation of normal:
Point (x,y,)=(2,4) & m=-3
.". The equation of normal is,

1
y-y, =-——(x-x))
m

1
_4="(x-2
y 3(X )

3y—12=x-2

x—3y+10=0

2. Find the equation of tangent and normal to the curve y= X2+ 31 at (2, 1).
X"+
Solution:
Given: y= X2+ &
x“+1
dy x>+ (1) - (x+ 3)(2x)
dx (x> +1)?
dy x*+1-2x"-6x
- —=
dx x*+1)°
dy 1-6x-x’
=15, i e
dx (x"+1)

To find Slope:

Slope, m= [ﬂ)

X2,

1-6(2)-(2)° 1-12-4 15

[(2)+1T (5) 25
3
=>m=-—
5

To find equation of tangent:

3
Point: (x,,y,)=(2,1) & m = -3
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The equation of tangent is,

y—y, =m(x—X,)

3
~1=-=(x-2
y S(x=2)
S5y—5=-3x+6
3x+ 5y —11= 0|

To find equation of normal:

3
Point (x,y,)=(2,1) & m= 3
The equation of normal is,

5
—1l==(x-2
y-l=3(=2)
3y—-3=5x-10
5x-3y-7=0

3. Find the equation of the tangent and normal to the parabola y?> = 4ax at (at?, 2at).
Solution:

Given: y? = 4ax
Differentiate w.r. to 'X'

X

dy
2y—2=4da(l
Y3 a(l)

d 2
_|dy_2a

dx vy

To find slope:

2 2
Slope, m = [ﬂj a 2
X/ a2 Y 22t

1
=|m=-
t

To find equation of tangent:

1
Point : (x, y,) = (at’, 2at) & m = T
The equation of tangent is,

yiylzm(xixl)
1

y —2at = " (x —at?)

yt—2at’ =x —at?

X—yt+at?=0
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To find equation of normal: !
Point: (x,,y,) = (at’, 2at) & m = "
The equation of normal is,

1
y-y, =——x-x,)

m

y—2at = —t(x —at?)
y—2at= —xt+ at’

xtky—Zat—m3:0|

4. Find the equation of tangent to the curve y = (x — 3) (x — 4) at the point where the curve cuts the
X-axis.

Solution:
Giveniy=x-3)(x-4) ....... (D)
On the x-axis, y =0
. (1) becomes
x-3)x-4)=0
x-3=0|x-4=0
x=3 x=4
.". The points are (3, 0) & (4, 0).

To find 9Y :
dx

Sincey=(x-3)(x—4)
Y - x=3) (1) + (x—4) (1)
dx

=x-3+x—-4
ﬂ: 2x -7
dx

Case (1) : When the point is (3, 0)

Slope m = [gj
dx/

=23)-7

=6-7

-
To find equation of tangent:
Point: (x,,y,) =(3,0) & m=-1
.". The equation of tangent is,
y-y,=m(x-x)
y-0=-1(x-3)
y=—x+3

-
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Case (i1): When the point is (4, 0)

Slope, m = [ﬂ]
dx

(4.0)
=2(4)-7
=8-7
=
To find equation of tangent
Point (x,y)=(4,0) & m=1
.". The equation of tangent is,
y-y, =m(x-x)
y—-0=1(x-4)
y=x-4

5. Find the equation of the tangent to the curve y = 3x?> + 2x + 5 at the point where the curve cuts the
y-axis.

Solution:

Given: y=3x*+2x+5 ... €))
By data, the curve cuts the y-axis then x = 0.
-. (1) becomes,y=3(0)+2(0)+5
=>y=5
". The point is (0, 5)

Now, y=3x*+2x+5

d_y: 32x)+ 2(D)+ 0
dx

= ﬂ= 6x+ 2
X

To find Slope:

Slope, m = (ﬂ)

dx/ o5

= 6(0)+ 2
~ =7

To find equation of tangent:
Point : (x,,y,) =(0,5) & m=2
The equation of tangent is,
y-y, =mx-x)
y-5=2(x-0)
y—-5=2x

2x—y+5=0
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6. Find the equation of the tangent to the curve y = 3x?— 6x + 1 at the point where the tangent is parallel
to the line 6x —y +2 =0.

Solution:

Given:y=3x*-6x+1 ... (1)

ﬂ= 3(2x)—6(1)+ 0
dx

= ﬂ=6x—6
dx

Given equation of lineis 6x —y +2 =0
. -6
.. Slope of the line = A%
b -1
By data, the tangent is parallel to the given line, then its slope is also m =6

Thus,j—yzm:6x6=6:x1=1 =[x=2]

X

Putx=2in (1) we get,
y=312)y-6(2)+1
=12-12+1

=>y=1

.". The point is (2, 1).

To find equation of tangent:
Point (x,y)=(2,1) &m=6
.". The equation of tangent is
y-y,=m(x-—x,)

y—-1=6(x-2)
y—1=6x-12
6x—-y—-11=0

3.3 MAXIMA AND MINIMA

Increasing function:

A function y = f(x) is said to be increasing funciton if value of y increases as X increases (or) value
of' y decreases as x decreases.

From the fig, y = f(X) is a increasing fuction and Ax > 0, Ay > 0.
d_y: lim ﬂ: T Positive
dx Ax-0AX +

Hence, at every point on the increasing function the value of ix s positive.
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Decreasing function:

A function y = f(x) is said to be decreasing function if the value of y decreases as x increases (or)
value of y increases as x decreases.

From the fig, y = f(x) is a decreasing function, also Ax > 0 and

Ay <0. Y ﬂ’“ﬂ
d . Ay - .
O A T A Negative y+Ay
dx &0Ax 4+ Ay
Hence, at every point on the decreasing function the value of
dy .
dx 1s negative. "
Turning Points: 5 X xhx X
The points at which the function changes either from decreas-
ing to increasing (or) increasing to decreasing are called turning points.
o dy v
At the turning points the value of x 0. y=f(x)
Definition: Maximum y
Let y = f(x) be a continuous function in 'X'. The function y Ay
= f(x) increases in the interval (M, N) upto x = a and then de- ~ Y+AY
creases then the point x = a is called a maximum point and f(a)
the value of the function at x = a is called the maximum value.
In the neighbourhood of x = a, the value of f(a) is greater Ax
than any other value of f(x). 0 X ox+Ax o x

Definition: Minimum

The funciton y = f(x) decreases in the interval (P, Q) upto x = b and then increases then the point
x = b is called minimum point and f(b) the value of the function at x = b is called the minimum value.

In the neighbourhood of x = b, the value of f(b) is smaller than any other value of f(x).
The condition for the function y = f(x) to be maximum at x = a:

(1) %: 0 (ii)%< 0 (negative)
The condition for the function y = f(x) to be
minimum atx=Db K{
@ %= 0 (ii)%> 0 (positive)
WORKED EXAMPLES
PART - A
1. Show that e* is an increasing function on R.
Solution:
Lety=¢e"
dy

—=¢">0, xeR
dx

.". e*is an increasing function on R.
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2. Show that the function y = e™ is decreasing function on [0, 1].
Solution:
Given:y=e™*

dy _
dx

.. y=e*is a decreasing function on [0, 1].
3. For what value of 'x' the function y = x*> — 4x will have maximum (or) minimum value.

- <0

Solution:
Given: x* —4x

d_y= 2x -4
dx

Ifg=0:>2x—4=0:>)(=2
X

- At x =2, the function will have maximum (or) minimum value.

4. Show that the function y = 4x — x* + 7 is maximum at x = 2.
Solution:
Given:y=4x —x>+7

Y 40)— 2x)+ 0= 4-2x
dx

dzy
—=0-2D)=-2
e M

dy
If—>=0=4-2x=0=>x=2
dx )
. whenx=2, 3¥ = 2<9
dx

2

.. The function is maximum at X = 2.

PART - B
1. Find the maximum value of y = 4x — 2x%
Solution:
Given : y = 4x — 2x?
%: 41)-2(2x)=4—-4x

dzy
dx? M

For ifj—y=0:>4—4x=0:>
X

2

d

When x =1 = -2 = —4< 0(-ve)
dx

= x =1 is a maximum point.

Putx=Db, in (1) we get,
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y=4(1)-2(1
=4-2

-2

.". The maximum value = 2
2. Find the minimum value of y = x> + 4x + 1.

Solution:
Given:y=x*+4x+1 ... (1)

ﬂ: 2x)+4()+0=2x+4
dx

dzy
—=2(H)+0=2
dx? M

j—y=0:>2x+4=O:>
X

dzy

When x =-2 = o 2> O(positive)
X

= x = —2 is a minimum point.

Put x =-21in (1) we get,
y=(2P+@# =2+ 1

—4-8+1
y=-3
. Minimum value = -3
PART - C
1. Find the maximum and minimum values of 2x* —15x* + 36x + 18.
Solution:
Lety=2x3-15x*+36x+18 ... (1

E?fzz2(3x2)—15(2x)+-36(n4-0
X

Y6k _30x436] )
dx

2

i%:é@m—3mn+o

dx

S |EY oy 30 3)
ol t S E—

For maximum (or) minimum ix

= 6x>-30x+36=0
+6, x2-5x+6=0
x-2)x-3)=0
x—2=0|x-3=0

xX=2 x=3
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2

Case (i) : When x =2, %= 12(2)-30=24-30= —6< 0 (negative)
X

= x =2 is maximum point.

To find maximum value: Put x =2 in (1)

y=2(2)*-15(2)* +36(2) + 18
=2(8)—15(4) +36(2) + 18
=16-60+72+ 18 =46

Maximum value = 46

Case (ii): When x =3

((112_}’_ 12(3)-30=36-30= 6< 0 (positive)

=
X

= x = 3 is minimum point.
To find minimum value: Putx =3 in (1)
y=2(3)*-15(3)* +36(3) + 18
=2(27)—15(9) + 36(3) + 18
=54-135+108 +18=45
Minimum value = 45
2. Find the maximum and minimum values of (x — 1)? (x -2).

Solution:
Lety=(x-1(x-2) ... (1)
=(x2-2x+1)(x-2)
=x3—2x>+x -2x*> + 4x 2
S>y=x—-4x>+5x -2
dy

X

(3x%) —4(2x)+ 5(1) - 0

= ﬂ=3x2—8x+5 ............ (2)
dx

d’y
=320 -80)+0

=&Y _6x—8| 3)

For maximum (or) minimum ix

3x2-8x+5=0 I 5= 0 N

33X —5x+5=0 x—5=01(x-D=

Ix(x—1)=5(x-1)=0 N ] N
3

(3x-5) (x—1)=0

. 5 d?
Case (i): When x = 3’ %z 6(%} —8=10-8= 2> 0 (positive)
X

=>Xx= 3 is a minimum point.
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3.

To find minimum value: Putx = g in (1)

Minimum value = —
27

2

d .
Case (ii) : When x = 1 then d_x};: 6(1) —8= 6 -8= -2< 0 (negative)

= x =1 is a maximum point.

To find maximum value : Putx =1 in (1)
y =(1-1¢(1-2)=(0) (- 1)=0

Maxmimum value =0

Show that sin x (1 + cos x) has a maximum when x =

wl.‘-l

Solution:

Lety=sinx (1l +cosX)  .coerneee. (D
d_y= sinx(0 —sinx)+ (1+ cosx)(cosx)

= —sin’® X+ cos X + cos’ X

= (cos’ X —sin’ X)+ cosx

= ﬂ: COS2X+ COSX|  trvverrerenne (2)

X

d’y . .
7: —28IN2X —SINX  .eeeerrerennns 3)

dy
F =0
or maximum, dx 00837)(: 0 cosgz 0

cos2x +cosx=0

20053—X, cos==0 2 2
2 2

e
Here 2 £0, 2 5

When x = T then X=
2
d—};z —23in2(£] —sinE
3 3

(B 3

- o 2, N2

2 2

_—\/§—£<0

. . T
y is maximum when x = 3
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4. ABis 8 cm long, find a point C on AB so that 3AC? + BC? may be minimum.
Soluiton:
AB=8cm x5
A C B
Let AC=xcm sem
= BC=(8—-x)cm
Lety=3AC*+ BC?
=3 (x)*+(8—-x)
=3x?+ 64— 16x +x?
Sy=4x’-l6x+64 €))
dy
&=4(2x)—16(1)+0=8x—16 ................ 2)
2
STZ: dH-0=8 3)
For minimum, j—zz 0
8x—-16=0
=
When x =2, i}; =8> 0 (positive).
dx
= x =2 is a minimum point.
=y =3AC? + BC? is minimum when x = 2.
When C is 2 cm from A, 3AC? + BC? is minimum.
EXERCISE
PART - A
1. Ifs=2sint find velocity and acceleration.
2. The distance travelled by a body is given by s = t3, find the velocity and acceleration at 't' sec.
3. [Ifthe distance travelled by a particle is s = 5t + 7t — 3 find its initial velocity.
4. Ifs=4cost+5sint, find its initial velocity.
5. Ifs=8cos 2t + 4 sin t, find its initial velocity.
6. Ifs=2t>— 12t + 3 find the time when its velocity is zero.
7. Ifs=7t2—2t+ 3 find its initial acceleration.
8. Find the slope of the tangent to the curve y* = 4x at (1, 2).
9. Find the gradient of the tangent to the curve y = 4x — 3x? at (2, — 4).
10. Find the slope of the tangent to the curve y = x* — 2x at (1, — 1).
11. Find the slope of the normal to the curve y* = 8x at (2, 4).
12. Find the slope of normal to the curve y = 3x2 — 4x at (1, —1).
13. Show that the function y = sin x is decreasing in (g, Zn) .
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14. Show that y = x*— 1 is an increasing function in the intervel (0, 2).

15. Show that the function y = 2x — x? is maximum at x =1.

16. Show that the function y = x> — 4x is minimum at x = 2.

PART - B

1. The distance 's' travelled by a particle in 't' sec is given by s = 4t> — 5t + 6 find the velocity and
acceleration at the end of 10 secs.

2. Ifs=2t2-3t*+ 1 find the velocity and acceleration after t = 1 secs.

3. If the distance time formula is given by s = 2t> —15t* + 36t + 7 find the time when the velocity
becomes zero.

4. The distance travelled by a particle at time 't' sec is given by s = ae® + be*. Show that the accelera-
tion is always nine times the distance covered.

5. Find the equation of tangent to the curve y =2 — 3x + 4x? at x = 1.

6. Find the equation of tangent to the curve y = x> —x + 1 at (2, 3).

7. Find the equation of normal to the curve y = 6 — x + x% it (2, 8).

8. Find the equation of normal to the curve y = x* — 7x + 12 at (3, 0).

9. Find the maximum value of y = 2x — 3x2.

10. Find the minimum value of y = x> — 4x.

PART - C

1. The distance 's' metres at time 't' min of a particle moving in a straight line is given by
s =263 -9t2 + 12t + 6. Find the velocity when acceleration is zero. Find also the acceleration when
the velocity is zero.

2. The distance 's' metres travelled by a body in 't' secs is given by the formula. S = t* — 6t>+12t + 8.
Find its velocity when acceleration is zero and calculate the acceleration when the vector is zero.

3. A missile in fired from the ground level rises 'x' metres vertically upwards in time 3 secs and
x=100t — %tz . Find the initial velocity and maximum height of the missile.

4. The distance time formula of a moving point is X = a cos nt + b sin nt. Prove that the acceleration
varies as the distance.

5. Abody moves in a straight line in such a manner that s = %Vt ; 's' being the space travelled in time
't"and 'V' the velocity at the end of 't' secs. Prove that the acceleration is constant.

6. Find the equation of the tangent and normal to the curve y = 6 + x — x* at (2, 4).

7. Find the equation of the tangent and normal to the curve y = 5 — 2x — 3x? at the point (2, — 11).

3

8. Find the equation of the tangent and normal at (a, a) on the curve y’ = 2aX— e

9. Find the equation of tangent and normal to the curve y = ;:21 N at (2, 2).

10. Find the equation of tangent and normal to the curve y = (x — 2) (x — 5) at the point where the curve

cuts the x-axis.
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2 2
11. Find the equation of the tangent and normal to the curve X_2+ Y_Z =1 at(acos 6, bsin 0)
a~ b

12. Find the equation of tangent to the curve y = x> + 5x + 7 where it cuts the y-axis.
13. Find the maximum and minimum values of

(1) y=4x>—18x>+24x -7

(i) y=2x*-3x>-36x + 10

(iii)) y=x*—4x*+5x -2

(iv) y=2x3+3x> - 36x+1

(V) y=(x-4) (x+1y

log x
14. Find the maximum value of for positive value of x.
15. Find the minimum value of x log x.
16. Find two numbers whose sum is 10 and whose product is maximum.

17. The bending moment at any point at a distance 'x' from one end of a beam of length 'l' uniformly

1 1
loaded is given by M = ) w/X — ) wx? where 'w' is the load/unit length. Show that the bending mo-

ment is maximum at the centre of the beam.
18. If s = t* — 6t2 + 42t, find the minimum velocity.

19. ABCD is a rectangle in which AB =9 ¢cm and BC = 6 cm. Find a point P on CD such that PA% + PB2
is minimum.

20. Find two positive numbers whose product is 100 and whose sum is minimum.

ANSWERS
PART - A
1) v=2cost, a=-2sint 2) v=3t, a=6t Hv=7 4Hyv=>5
5) v=4 6)t=23sec Ht=14 ) m=1 Hm=-238 10)m=2
11) m=-1 12)m=—%.
PART - B
1) v=1195 m/sec; a =240 m/sec? 2) v =0 unit/sec ; a = 6 unit/sec?
3) t=2,3 5)5x—y-2=0
6)3x—y-3=0 T)x+3y—26=0
8 x-y-3=0
e
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PART - C

1) V:*% unit/min;  a =+ 6 unit/min? 2) v=0; a=0
6) 3x+y—-10=0,x-3y+10=0
8) 2x—y—-a=0; x+2y—-3a=0

3) v=100 unit/sec; h=200m

7) 14x+y—17=0; x—14y—-156=0
9) 7x+5y-24=0; 5x—-Ty+4=0
10) x+y-2=0, x-y-2=0&x-y-3=0, x+y-3=0

ax by 2 b

11) EcosGJrXsinezl ; —— =
a b cosO sin6

12) S5x—y+7=0

13) () 3,1) (i) (54,-71) (iii) (o, Ej (iv) (82, -43)

1 1
14) . 15) — N 16) 5,5 18) 30 cm/sec

-500

o (0

20) 10, 10

27



UNIT - IV |

APPLICATION OF INTEGRATION-I

4.1 Area and Volume

Area and Volume — Area of circle, Volume of Sphere and cone — Simple Problems.

4.2 First Order Differential Equation

Solution of first order variable separable type differential equation — Simple problems.
4.2 Linear Type Differential Equation

Solution of linear differential equation — Simple problems.

Introduction

In Engineering Mathematics-1I, we discussed the basic concepts of integration. In Engineering
Mathematics-I, we studied the formation of differential equation. In this unit, we shall study the applica-
tion of integration and first order differential equation.

4.1 AREA AND VOLUME

Area and Volume:
We apply the concept of definite integral to find the area and volume.
Area:

The area under the curve y = f(x) between the x-axis and the ordinates x = a and x = b is given by

b b
the definite integral If (x) dx (or) Iy dx -

y e
= 15 A
O
< I
I s
o
O Fig.4.11

The area is shown as shaded region (A) in Fig.4.11
b b
Area=A= J.f(X) dx = Iy dx

a
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Similarly, the area between the curve x = g(y), y-axis and the lines y = ¢ and y = d shown as shaded
region (A), in Fig. 4.12

y
- x=g(y)
7

y=c
X
O
Fig 4.12
is given by

d d
Area=A= jg(y) dy (or) jx dy
Volume: ¢ ¢

The volume of the solid obtained by rotating the area (shown in Fig.4.11) bounded by the curve
y = f(x), x-axis and the lines x = a and x = b is given by

V= nf[f(x)]zdx (or) m Iyzdx

Similarly, the volume of solid obtained by rotating the area (shown in Fig.4.12) bounded by the
curve x = g(y), y-axis and the lines y = ¢ and y = d about the y-axis is given by
d

d
V=n[g(y)dy=n [x’dy
4.1 WORKED EXAMPLES
PART -A

Find the area bounded by the curve y = 4x3, the x-axis and the ordinates x = 0 and x = 1.
Solution:

1.

Area= j-ydx =j. 4x>dx
0

a

(2]

= (1)* —(0)* = 1- 0= 1 square units

2. Find the area bounded by the curve y = ¢* the x-axis and the ordinates x = 0 and x = 6.
Solution:

Area= jexdx=jexdx= [eX]Z
0 0

= e’ —e” = e’ —1 square units
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3. Find the area bounded by the curve x = 2y?, the y-axis and the lines y =0 and y = 3.

Solution:
2 2}’3
Area= .[Zy dy=
3 0

- {%} —0= % = 18 square units

3

4. Find the volume of the solid formed when the area bounded by the area y? = 4x, the x-axis and the
lines x = 0 and x = 1 is rotated about the x-axis.

Solution:

b
Volume= V = 71'.[ y?dx

1 2 1
= ch4x dx=mn 4x
0 2 0

=n[2x*] = n[20)*]-

= 21 cubic units

PART - B
1. Find the area bounded by the curve y = x* + x + 2, x-axis and the lines x=1 and x = 2.

Solution:

b 2
Area= Iy dx = j(x2+ x+2) dx

1

o3 2 2
S R
3 2

1
22 22 P

=|—+—+22 —+—+2(1
377 ()} L 7 ()}
§+i+4 - l+l+2}
13 2 3 2

_ § } [2+3+2}
13
8+

v 6]
[5+12} 17

__6}
3
52—

6

6

= — sq.units
6 q.
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2. Find the area enclosed by one arch of the curve y = sin x, x-axis between x =0 and x = 7.

Solution:

Area= .Ty dx = ]Esinx dx

0
=[—cosx] =[-cosn]—[-cos0]
= —(=1)+ 1= 1+ 1= 2 square units
3. Find the volume of the solid generated when the region enclosed by y* = 4x* + 3x2 + 2x between

x = 1 and x = 2 is revolved about the x-axis.

Solution:
b
Volume=V = th ydx
2

= ch (4x* + 3x* + 2x) dx

1

[4){4 3x* 2)(2}2
=7 +—+

= n[24+ 23+22]—n[14+13+12]
=n(16+8+4)—n(1+1+1)

= 28n — 31 = 251 cubic units

4. Find the volume of the solid formed when the area bounded by the curve y = /10+ x between
x =0and x =5 is rotated about x-axis.
Solution:

5

Volume=V = nj.yde= nj[\/10+ x]z dx

0

] St=——w

| (10+ x) dx

2 5
=T 10x+X—}
2

0

= 1| 10(5)+ %}{10(0)+ %}

=7 50+£}—0
2

cubic units

B n'100+ 25} 1257
- 2
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PART - C
1. Find the area of a circle of radius a, using integration.
Solution:
Y
B
(6] a A

Area bounded by the circle x> + y* = a% the x-axis, and the lines x = 0 and x = a is given by

Area OAB= [y dx
0

|2
2 a
sin90=1
a a2 LIS o |
=5(0)+ ?sm ) 90° =sin (1)
180 .
2 227: sin”' (1)
=0+—.—
2 2
_ma’
4
Area of the circle = 4 x Area OAB
2
=4 x E
4

= na’ sq.units

Aliter:

I= f\/az —x*dx
0
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Put x=asin0

whenx =0 whenx=a
asin6=0 asinf=a
sinO= 0=sin0 sin9=1=sin90=sin[g]
0=0 0=—=
2
\/az—x2 =\/a2—azsin26
= /a’(1—sin”0) Xx=asin 0
=+/a’cos’0 d—xzacosﬁ
do
=acosO dx = acos06do
A
~= I (acos0)(acos6)do
0
% 2
= [ a®cosH do
0
A 1+ cos 260
_ J-aQ (1+ cos20) 40 5
0 2 ~ {+2cos?0- [
a2 7 - 2
=5 [ (1+ cos 26) do ~ 05’0
0
a’f sinZO}%
=—0+
2 L 0
2| sin(2 x V) 2
_a'|x, Sn@xF)) 2 0+0)
212 2 2
a’ln sinlSO} az{n } na’
=—|—+—|=—| =+ 0|=
212 2 212 4

2. Find the area bounded by the curve y = x*> — 6x + 8 and the x-axis.

Solution:
Y
< :
To find limits
Put y = 0 as the curve meets the x-axis
x> —-6x+8=0

x-2)(x-4)=0
x=2,4
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4
Area = [(x* —6x+8) dx

2

M3 2
= X6 + 8x
3 2

4

2

_[# 6@ | [2
=15 +8(4)} {3 : +8(2)}

BT 32}—[§—12+16}
3 3

_ ﬁ_mHﬁw}
|3 3

__64—48} [8+12}
.3 3
16 20 -4 4 o
= ———=—=—sq.units (as Area is positive
3 3 3 3saunits ( p )

3. Find the area bounded by the curve y = 10 — 3x — x? and the x-axis.
Solution:
To find limits

Put y = 0 as the curve cuts the x-axis

10-3x—-x*=0

x*+3x-10=0

x+5x-2)=0

x=-5,x=2

2
Area= I(10—3x—x2) dx
-5

r 2 3P
_ IOX_K_X_}

L 2 3 -5

2 3 2 &\

_| 1023 2_H10(5)3( 5« j)}
~|20-6-2|-|s0- 2412

| 3 23
_[14 8] [-100-75 125

L3 2 3
_ ﬁ{—525+ 250}

3 6
_@_[—275}

6 L 6

68 275 343
= —+——=—— sq.units

6 6 6
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4. Find the volume of a right circular cone of height h and base radius r by integration.

Solution:

Rotate a right angled triangle OAB with sides OA = h, AB = r about the x-axis. Then we get a right
circular cone.

Volume of cone

V=nfy2dx
0
hoo Equation of OB is
r o
=7tJ.Fx dx y = mx
0
2 3P :LX
{gx_} h
3 0 2_iX2
[ L W
>3
1
=—nr’h
3

5. Find the volume of a sphere of radius 'a' by integration.

Solution:

DZ

Rotate the area OAB (Quadrant of a circle) about OA, the x-axis. Then we get a hemi-sphere.
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Volume of hemisphere
V= nj y’dx
0
= 7tJ.(a2 —x7)dx
0

r a
2 x’
=m|aX——

6. Find the volume generated by the area enclosed by the curve y* = x (x — 1)* and the x-axis, when
rotated about x-axis.

Solution:
To find limits
Put y = 0 as the curve cuts the x-axis.

x(x=1=0=x=0(nr)x-1=0=x=1.
y

V=r|ydx

| x(x —1)*dx

| x(x* —2x+ 1)dx

| (x* - 2x*+ x)dx

!
!
!
!

x* 2k x? ]
I S _}
| 4 3 2,
[ 14 3 2
=7 L2 +1— —[0-0+0]
| 4 3 2
1 2 1
=T ——— —_
14 3 2
[3-8+6 1 i . .
=T =mn|— |=— cubic units
L 12 12| 12
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4.2 FIRST ORDER DIFFERENTIAL EQUATION

Introduction:

Since the time of Newton, physical problems have been invetigated by formulating them mathemati-
cally as differential equations. Many mathematical models in engineering employ differential equations
extensively.

In the first order differential equation, say j—y: f(x,y), it is sometimes possible to group function

X
of x with dx on one side and function of y with dy on the other side. This type of equation is called

variables separable differential equations. The solution can be obtained by integrating both sides after
separating the variables.

4.2 WORKED EXAMPLES
PART - A
1. Solve:xdx+ydy=0
Solution:
xdx=-ydy
Integrating, Ix dx=— .f ydy+c
LI
2. Solve:xdy+ydx=0
Solution:
x dy= —ydx
dy_—d&x
y X
Integrating, _[d_;,: —J‘d?er c

logy=—logx+c

d
3. Solve: X—y= y

dx
Solution:
x dy=ydx
dy _dx
y X

. d d
Integrating, j—y = [£
y X

logy=1logx+c
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d
4. Solve: —y—ycosx= 0
dx

Solution:
y
—=yCcosX
dx y
dy= ycosx dx
d
Y cosx dx
y

. d
Integrating, I—y = .[ cosx dx
y

logy=sinx+c

5. Solve: d—y: e*

dx
Solution:
dy = e*dx
Integrating, jdyz Iexdx
y=e"+¢
6. Solve: d_y: ! 5
dx 1+x
Solution:
dx
dv =
Y 1+ x?
Integrating Id = I dx
1Y 1+ x?

y=tan 'x+c¢

PART -B
dy X
1. Solve: —=
ove dx 1+ x°
Solution:
x dx
dy=——
Y 1+ x*

Multiply both sides by 2, we get
2x dx
1+ x°

2dy =

. 2
Integrating, J2dy = I 14)—( ()1:2(

Differentiation of Dr =1+ x> =2x = Nr
Then result = log Dr = log (1 + x?)

2y=log (1 +x*)+c
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2. Solve: j_y: e*

Solution:
dy=e'e Vdx
d
zy =¢"dx
e
e”dy = e*dx

Integrating, Ies Ydy = J e*dx

e
—=c"+c
5
dy _ [1-y’
3. Solve: —=,/—
ove dx 1-x°
Solution:
dy = dx
\/l—y2 \/l—x2
. dy dx
Integrating, =
J‘\/l_y2 J.\/I_XZ
sin”'y=sin"'x+c¢
4. Solve: L= 3%
- Solve: 3ty
Solution:

B+y)dy=(CB+x)dx
Integrating, j(3+ y) dy= j(3+ x) dx

2 2
3y+ Y oax+ite
2 2

PART - C

1. Solve: sec’x tan y dx + sec’y tan x dy = 0.
Solution:
sec’x tan y dx = — sec’y tan x dy

sec” x dx _ sec’y dy

tan x tany
2 2
. sec” xdx sec’y d
Integrating, I anx = ,J' tarfly 4

Note:

If di(Dr) = Nr, then the answer is log Dr.
X

Here,

i(tan x)= sec’ x and i(tan y)=sec’y
dx dy
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logtan x =—logtany + log ¢
log tan x + log tan y = log ¢
log tan x tan y = log c
tanxtany =c¢

2. Solve: d—y: eV +3x%e Y

Solution:

Y e 3x%e
dx

Y _ e ¥(e*+3x%)

dx
dy=eY(e"+3x%) dx

B _ (4 3x%) dx

e y

e’dy = (e* + 3x%)dx

Integrating, Ieydyz J(e" +3x%) dx

3

e=e"+—+c
3
ef=e"+x"+c

3. Solve: (1 —¢*)sec’tydy +eXtany dx =0

Solution:

(1 —e¥) sec’y dy =—e* tan y dx

sec’ydy —e*dx

tany 1-¢*

sec’ydy —e*dx

Integrating, J

tany 1-¢*

As i(tan y)=sec’y and i(1 —e')=—e
dy dx

X

logtany =log (1 —¢e*) +logc

log (tan y) — log (1 —e*) =log ¢

log ltan;: = logc

tany
1-¢*

tany=c(l—e")

4. Solve: (x*—y)dx+ (y*—x)dy=0

Solution:
x*dx —y dx +y’dy —x dy =0
x2dx + y’dy = x dy +y dx
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Note:
By uv rule, d(xy) =x dy +y dx

x2dx + y*dy = d(xy)
Integrating, J. x*dx + J y’dy = Id(xy)

3 3

.y
—+—=xy+c¢
3 3 Y

4.3 LINEAR DIFFERENTIAL EQUATION

dy

dx

d
Differential equations of the form d—y+ Py=Q, where P and Q are functions of x are called linear Dif-
X

A first order differential equation is said to be linear in y if the power of terms and y are unity.

ferential Equations (LDE). The solution of linear differential equation is given by

yeIIDGIX = IQeIdedx+ c
(or) shortly y (L.F) = [Q (IF) dx + ¢ where IF = /™ IF is called Integrating Factor.
Note:
elosf() — f(x)
Examples :
elogx =X eIogx3 _ X3' eIog(sinx) — SinX
e—logx — el()g)f1 — X—l — l’ e—log(sinx) — elog(sinx)’1 = cosecX
X
4.3 WORKED EXAMPLES
PART - A

dy 5
1. Find the integrating factor of d—y+ —y=X.
X X

Solution:

Compare with ?+ Py=0Q
X

5
Here P=—
X
5
IF: eIde _ eJ‘;dx _ 6510gx
5
— elogx — XS
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dy
2. Find the integrating factor of ——+
1m c 1mn egra 1ng actor o dX 1+ X

7Y=X.

Solution:

Compare with ;1_y+ Py=0Q
X

P 2x
1+ x?
2x dx
IF= eIPdX = e'[ bex?

2
— elog(l+x ) — 1+ XZ

dy 3
3. Find the integrating factor of d_z - ;y= x’ cosx

Solution:

Compare with

dy
——+ Py=
x By Q
p=>
X
j [ - 1
~IF= e Pdx —e’ x — e—3logx — elogx — X—3 — X—3 — —
X
d
4. Find the integrating factor of &_ ¥
dx X
Solution:
The given equation is
g.}. X: O
dx x
1
Here P = —
X
1
~IF= eJPdX = ej;dX = =x
o dy, 1
5. Find the integrating factor of Ix 1+ y
Solution:
Here >
I+ x

1
~IF= eJPdX - CII+X2 o — etan" X
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PART - B
: : : dy
1. Find the integrating factor of e +y tan X = sec’x.
X
Solution:
.. dy
Compare with —+ Py=Q
dx
Here P = tan x

IF:e'[de _ eJ.tanx dx

Note:

d
—log(secx)= .secxtanx = tanX
dx X

j tan xdx = logsecx

IF = elogseex = gec x

dy
2. Find the integrating factor of Y tan X = cot X.

Solution:
Here P =—tan x
IF: eIde _ eItanx dx

— e—log(sccx) — elog(sccx)’l

= (secx) ' = = COSX

S€CX

3. Find the integrating factor of d_y+ ycotx=sinXx.

Solution:
Here P = cot x

IF = eIde _ eJ.cotx dx

Note:

d
—log(sinx)=
. g(sinx) = —

COSX = Ccotx
X

jcot x dx = log(sinx)

IF = "8t = gin x

. . . y
4. Find the integration factor of Y cot x = 4x°.

Solution:
Here P=—-cot x
IF: eJde — ejcotx dx

— e—log(sinx) — elog(sinx)’l

. _ 1
(sinx) ' = ——= cosec x
sinx
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PART -C
1. Solve: d_Y_iyz X’ cos X

. X
Solution:

Compare with %‘i‘ Py=0Q
X

Here [P = 73 and

X
3
IF= eI g eI 2 gt
— elogx’3 — X—3 — L

X3

The required solution is

y(IF)= [ Q(IF)dx+ ¢
y(%j = Ix3 cosx%der c
X X

= J-cosxdx+ C

13: sinx+ ¢
X
2
2. Solve: d_y+ 3x7y = 2
dx 1+x° 1+%x°

Solution:
3x? 2
Here |P= and |Q=
1+ x’° Q 1+ x°
3x2dx
IF= ejpdx = ej L+x’

Note:di(n x’)=3x" .. Ans=log(l+ x*)
X

IF = elog(1+x3) —1+x3
The required solution is

y(IF)= [ Q(IF)dx+ ¢

y(+ X3)= _[(1+2X3)

y(1+x’)= IZ dx+c

(I+x)dx+c

y(1+x’)=2x+c¢
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3. Solve: (1+ Xz)d_y+ 2xy=1
dx
Solution:

Divide both sides by (1 + x?)
dy N 2xy 1

& 1+x> 1+x°

2 1
Here |P= X2 and |Q=
I+ x 1+ x

2

2x

IF = eIPdx = eIHXZ

dx

=1+x’
The required solution is

y(IF)= [QUIF)dx+ ¢
2N 1 2
y(1+ x )_j—(H X2)(1+x ydx + ¢
:Idx+c

yl+x*)=x+c¢

d
4. Solve: Sy ycotx = 2cosXx
dx

Solution:

Here |P = cotx| and |Q= 2cosx

IF= eI - ef N ilog(sin X)=——C0SX = CcotX
dx sin x

— elog(sinx)
= sinx
The requried solution is

y(IF)= [ Q(IF)dx+ ¢
y(sinx)= IZcosxsinxdx+ c

=Isin2x dx | sin2A = 25inAcosA|

—C0S2X

sinx =
Y 2
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dy

5. Solve: — —ytanx = e*secx
Solution:
IF: eIde _ eI—lanxdx
— e—log(secx) d
Jog(seex) ! - —log(secx)= secx tanx
= g X dx secx
O = tanx
=(secx) = = CcOosX
secx |
The required solution is
y(IF)= [ Q(IF)dx+ ¢
y(cosx)= je" secxcosxdx+c
1
= je" cosx dx+c
CoSX
y(cosx)= Jexdx +c
ycosx=¢e*tc¢
EXERCISE
PART - A
1. Find the area bounded by the curve y = 2x, the x-axis and the lines x =0 and x = 1.
2. Find the area bounded by the curve y = x2, x-axis between x = 0 and x = 2.
2
3. Find the area bounded by the curve y= X? , X-axis between x = | and x = 3.
4. Find the area bounded by the curve xy = 1, the y-axis and the linesy =1 and y = 5.
5. Find the area bounded by the curve x = 2y, the y-axis and the linesy =1 and y = 2.
6. Solve: xygz 1
dx
7. Solve:e*dx +e"dy=0
8. Solve: d_y: e
dx
d
9. Solve: A COSzX
Xy

, : : dy
10. Find the integrating factor of _x+ 3y=6.

d

d .
11. Find the integrating factor of d—y+ ysinx=0.
X

d
12. Find the integrating factor of d_y+

X

y

—=X.
X
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PART - B
1. Find the area bounded by the curve y = x* + x, x-axis and the lines x =0 and x = 4.
2. Find the area bounded by the curve y = 3x* — x, x-axis and the ordinates x = 0 and x = 6.

3. Find the volume of the solid generated when the area bounded by the curve y* = 25x* between x=1
and x = 3 is rotated about x-axis.

4. Find the volume of the solid formed when the area bounded by the curve y* = 8x between x = 0 and
x = 2 is rotated about x-axis.

5. Find the volume of the solid formed when the area bounded by the curve x* = 3y? between y = 0 and
y = 1 is rotated about the y-axis.

6. Solve: tan x sec’y dy + tan y sec’x dx =0

2
7. Solve: d_y+ I+ x =0
dx 1+y°
8. Solve: (1 +x?) sec’y dy = 2x tan y dx

d_y: er+3y
dx
10. Solve: sec x dy +secydx =0

9. Solve:

Find the integrating for the following linear differential equations:

Yy

11. dx +y cot X =X cosec X.
dy .

12. dx —ycotx =sinx.
gy

13. dx +y tan X = e* cos X.
dy
_ — 3

14. dx y tan x = X°.
dy xy 1

15. 7=+ =T

dx 1+x* 1+x
PART -C

1. Find the area enclosed by y = 6 + x — x? and the x-axis.

2. Find the area bounded by the curve y = x + sin x, the x-axis and the ordinates x =0 and x = g .

3. Find the area bounded by the curve y = x* + x + 1, x-axis and the ordinates x = 1 and x = 3.

4. Find the volume of the solid formed when the area of the loop of the curve y* = 4x (x — 1) rotates
about the x-axis.

5. Find the volume of the solid bound when the area bounded by the curve y?> =2 + x — x%, the x-axis
and the lines x =— 1 and x = 2 is rotated about x axis.
2 2
6. Find the volume of the solid obtained by revolving a—2+ b—2= 1 about the x-axis.

7. Solve: d_y: e+ x%e”
dx

8. Solve: eXtany dx + (1 —¢¥) sec’y dy =0

9. Solve: ﬂ: m

dx 1+ cosx
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2
10. Solve: d—y: 4+—y

dx  4-x?

Solve the following Linear Differential Equations:

dy
11. dx +y cot x = e* cosec X.
12. ﬂ_ﬂz x*sinx

dx x

d
13. (1+x?) d_z —2xy = (1 +x2)

14 g73—y= X362x .

dx x
ay .
15. 2 cos x dx + 4y sin x = sin2x.
16 & +y tan x = cos’
- gx Tytanx=cos’x.
ANSWERS
PART - A
2
1 2)% H 1B 4logs 5)3 6) y?zk)gxﬂ e +e=c
3
e3x 3
8) y= 9) ¥ _ginx+oc 10) e* 11) goosx 12) x
3 3
PART - B
1) 88 2) 198 3) 500 « 4) 16m 5)m
3
y3 3
6)logtany=—logtanx +c (or)tanx tany =c¢ 7) y+?+x+?=c
8) logtany=1log (1 +x*)+c 9)tany=c (1 +x?) 10)siny +sinx=c¢
11) sinx 12) cosec x 13) sec x 14) cos x 15) 1+ x?
PART - C
2
12 n 3) 44 4)2n 559 6 M
6 8 3 2 3
3
7) e =e 8) logtany —log (1 —e¥)=c (or)tany =c (1 —¢¥)

y X y X I, . (y . x
9 2tan[—j = 2cosec[—j+ ¢ (or) tan=+ cosec— = 10) —t 1[_j = 1[_]+
) 5 > (or) 5 5 ~¢ ) Stan | Zf=sin | ZJ+c

y 3 2x
11) ysinx=e*+c¢ 12) 277 —CosX+C  13) " J 2=X+X?+C 14) %: ° i
+ X X

1 sin 2x
15) ysec>x =secx+c¢ 16) yseCX=E X+ 2 +c
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APPLICATION OF INTEGRATION-II

5.1 SECOND ORDER DIFFERENTIAL EQUATION —1

2
Solution of second order differential equations of the form ad—y+ bﬂ'f— cy=0, where a, b, c, are

2
constants dx dx

5.2 SECOND ORDER DIFFERENTIAL EQUATION —1II

2
Solution of second order differential equations of the form ad—}21+ bgjt cy = f(x), where a, b, c, are

constants and f(x) = e™. Simple Problems.

5.3 SECOND ORDER DIFFERENTIAL EQUATION — III

2
Solution of second order differential equations of the form ad—}27+ bﬂ+ cy = f(x), where a, b, c, are

constants and f(x) = sin mx or cos mx. Simple Problems. dx dx

5.1 Solution of second order differential equations of the
2

form a—z + b—y +cy =0, where a, b, c, are constants
dx dx

Consider the differential equation

2
ajT};Jr bj—ZJr cy=0 ... )
Applying the Notation 4 =D and d—22= D? in (1),
We get dx dx
aD?y + bDy + cy = 0, D, D? are called differential equation.
ie.(@aD’*+bD+c)y=0 ... )

Let y = e™ be a trial solution of (2)
2

Then, Dy= i(emx)z me™ &D’y= d—z(emx): m’e™ .
dx dx

.. (2) becomes e™ (am? + bm + ¢) =0

Hence m satisfies the quadratic equation
am’+bm+c=0

This quadratic equation in m is called auxillary equation.

The Auxillary Equation (A.E) of the differential equation (2) is am?> +bm +¢ =0 ......... 3)
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Case (i): If the roots of the Auxillary Equation (3) are real and distinct (unequal), say m & m,, m #m,,
then the solution of (2) is

y=Ae™ + Be™* |, where A & B are constants.

Case (ii): If the roots of the Auxillary Equation (3) are real and equal, say m = m, = m,, the solution of
(2)is

|Y = (Ax+ B)e™ | , where A and B are constants.
Case (iii): If the roots of the Auxillary Equation (3) are imaginary, say m, = a + i and m, = a — i}, then
the solution of (2) is

|y = ¢” (Acos Bx+ Bsin ix)|, where A & B are constants.
WORKED EXAMPLES

PART - A

1. If 3 and 4 are the roots of the auxillary equation of second order differential equation with R.H.S

zero, write solution of Differential equation.

Solution:

m;x myX

The solution is y= Ae™" + Be
ie, y=Ae* + Be*
2. If—2,— 2 are the roots of the auxillary equation of second order differential equation with R.H.S
zero, write solution of Differential equation.
Solution:

The solution is y = (Ax + b) e™
iley=(Ax+B)e™>
3. If 2+ 3iare the roots of the auxillary equation of second order differential equation with R.H.S zero,

write solution of Differential equation.
Solution:

The roots of AE are 2 =+ 3i (imaginary roots). Here, real part o =2 and imaginary part 3 = 3.

The solution is y = e** (A cos x + B sin Bx)

i.e y=¢e* (A cos 3x + B sin 3x)
2

4. Solve the differential equation % —4y=0.
Solution:

DEis (D*-4)y=0

Auxillary equation is m> —4 =0

ile,m>—4=0

STom=+2
.". The roots are m = 2 or m = — 2 (real & distinct roots)
Solution is y= Ae™ + Be™"

ie.,y=Ae*+Be™



176+ Applied Mathematics

5. Solve:y"-2y'+y=0
Solution:

The D.Eis (D*-2D+1)y=0
AEism*-2m+1=0
ie,(m—17%=0
m =1, 1 (real and equal roots)
Solution is y = (Ax + B) e™
ie.,y=(Ax+B) el
=(Ax +B)e*
6. Solve:y,+y=0
Solution:
DEis(D*+1)y=0
AEism’+1=0
ie, m*=-1
m==+ /] ==%i
=0+ i [imaginary roots, a =0, f = 1]
- Solutionis y =e* (A cos fx + B sin px)
=¢e%™ (A cos 1x + B sinlx)
=1 (Acos x+ Bsinx)
Soy=Acosx+Bsinx
PART - B

dy
X2

1. Solve: + 5ﬂ+ 6y=0
dx

Solution:

DEis(D*+5D+6)y=0
The Auxillary equation is
m?+5m+6=0
e, m*+2m+3m-+6=0
i.em(m+2)+3(m+2)=0
ie,(mMm+2)(m+3)=0
<. m=-2, -3 (real and distinct roots)

m;x m,X

.. Solution is y= Ae™" + Be
ie,y=Ae*+Be™
2. Solvery,—6y, +9y=0

Solution:

DEis (D*’-6D+9)y=0
AEism?>—6m+9=0
ie,m>-3m-3m+9=0
ie,m(m-3)-3(m-3)=0
ie,(m—-3)(m-3)=0
. m=3, 3 (real and equal roots)
Solution is y = (Ax + B) e™
ie, y =(Ax + B) e*



Application of Integration-II « 177

3. Solve:4y"+ 12y'+9y =0
Solution:
DEis (4D*+ 12D +9)=0
AEis4m>+ 12m+9=0
ie,4m>+6m+6m+9=0
ie,2m(2m+3)+3 (2m+3)=0
ie,2m+3)(2m+3)=0

Sm= —%, —% (real and equal parts)

.. Solution is y = (Ax + B) e™
ie, y=(Ax+B) e
4. Solve: (D*+D+1)y=0
Solution:
DEis(D*+D+1)y=0
AEism’+m+1=0

_bEVb’ —dac
2a
(D411
2(D
C1x1-4 143
2 2

C1+423 —1+i3

2 2
1, (3

(3=
NG

. 13 1
{1maga1nary roots, o= — E; B = 5

[a=1,b=1,¢c=1]

2

.". Solution is y = ™ (A cos x + B sin Bx)

L B 3O

Le, y= e? LA0057+ Bsin—xJ
PART - C

2
1. Solve: QJF d_Y_zy: 0,ify=3and dy 0, when x = 0.
dx’  dx dx
Solution:

DEis (D*+D-2)y=0
AEism*+m-2=0
lem+2m-m—-2=0
tem(m+2)—1(m+2)=0
te,(m+2)(m—-1)=0

. m=-2,1 (real and distinct roots)

m;x m,x

Solution is y= Ae™ + Be
ie,y=Ae>+Be* ... (1)
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Differentiating (1) w.r.t x,

4 - 2Ae>+Bet (2)
dx
By given, y=3 whenx =0

Puty=3,x=0in (1) 3 = Ae 2" + Be

=A.1+B.1

ie, A+B=3 ... 3)
By given, dy =0, whenx=0

X
Putx=0, ¥ =0in(2)

dx
0=-2A.e¢*+Be’

=-2A.1+B.1

ie,-2A+B=0 ... 4)
(3)—(4) gives, 3A=3 SOA=1

From (3),B=3-A=3-1=2

.. From (1), solution is
y=1l.e™+2. ¢

le,y=e>+2¢

T
2. Solve (D*+36) y =0 when x =0, y =2 and when x = PR 3—y =
X
Solution:
DEis (D*+36)y=0
AEism*+36=0
ie,m>=-36
Som=++/-36 =+ 61
i.e, m =0+ 6i (imaginary roots a =0, B =6)
". Solution is y = e* (A cos Bx + B sin fx)
i.e, y =¢e"™ (A cos 6x + B sin 6x)
ie,y=Acos6x+Bsin6x ... (1)
Differentiation (1) w.r.t x
j_y=—6Asin6x+6Bcos6x ......... )
X

By given, whenx =0,y =2
"« From (1), 2 =A cos 6.0 + B sin 6.0
=A(1)+B(0)
T A=2

By given, when x = z , dy_3
27 dx

From (2),3 = — 6A sin 6 . g+6B c0s 6 . g

=_—6Asin 3t + 6B cos 3w
=—6A(0)+6B(—1)
3 1

1.e,—6B=3 SLB=-Z=__2
6 2

.". Solution is y =2 cos 6x — % sin 6x [From (1)
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5.2 Solution of second order differential equations of the
2

d d
form a—)z’ + b—y +cy = e™, where a, b, ¢, are constants
dx dx
. d’y . dy
Consider the DE 37+ b&-i- cy=f(xX) )

There are two solutions for this DE namely
(i) Complementary Function & (ii) Particular Integral
.". The whole solution for (1) is

y = Complementary Function + Particular Integral
2

ie,|y=CF+PlI
dvy

The solution of the DE aer bj—i+ cy= 0 is called Complementary Function.
[Ref.5.1 Problems)
To find Particular Integral for the D.E
ai};wt bd—y+ cy=e™
dx dx
ie, (aD*+bD+C)y=e™
1

Pl=———— (™
aD2+bD+C( )

1 mx
;)

Case (1)

If f(m) # 0,
1 mx
PI= m (e )

mx

_ €
 f(m)

Case (ii)

If f(m) = 0 and f'(m) # 0,

Case (iii)

If f(m) =0, f(m) =0 and f"'(m) # 0
X2emx

£ (m)

PI=
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WORKED EXAMPLES PART - A
1. Find the C.F of the DE (D? + 4)y = e*.

Solution:
DE is (D* +4)y =e*
AEism?>+4=0
1.€, m?=-4
m-tyd - o
=0=+i(2) (imaginary roots a =0, B=1)

C.F =e™ (A cos fx + B sin Bx)
=¢e™ (A cos 2x + B sin 2x)

1.e, C.F =A cos 2x + B sin 2x
2. Find the C.F of (D? — 60D + 800) y = e*™
Solution:

D.E is (D*— 60D + 800) y = e**

A.E is m> — 60m + 800 = 0

ie,(m—40)(m-20)=0

i.e, m=40, m=20 (real & distinct roots)

S CF = y=Ae™ + Be™ = Ae*™ + Be?™

PART - B

1. Findthe P.Iof D.E (D*+ 7D + 14) y = 8e™.

Solution:
PI= ;(Se’x)
" D*+7D+14
1
=8, —(¢* Replace D by (-1
D2+7D+14( ) [Rep y (D)
1 x
=— ()
D) +7(-DH+14
e ™
= =
8
2. Find the P.I of the DE (D*-2D -3)y=¢™.
Solution:
1 x
= e
D*-2D-3 )
e f(-1)= (-1-2(-1)-3
(=) =1+2-3
_xe” =0
- f'(D)= 2D-2
_ xe " f'(-1)=2(-1)-2
4 i =4

3. Find the PIofthe D.E (D*-2D + 1)y =¢"
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Solution:

1.

Solve: (D*— 5D + 6) = e4x

Solution:

2.

D.E is (D*- 5D + 6)y = e4x
AEism’>-~5m+6=0
ie,(m-2)(m-3)=0

f()=1>-2(1)+1=0

f/(D)=2D -2
/()= 2(1)-2=0
f"(D) =2

£7(1)=2%#0

PART - C

*“ m=2orm=23 [real & distict roots]

S.CF=y=Ae™ +Be™=Ae>*+Be”* ...... (1)
1
Pl= —— (e* Replace D by 4
D’ —sDr6 " ) [Rep d
4x 4x
e e
- = 2)
4°-54+6 2

From (1) & (2),
Solution, y = C.F + P.I

e4x
ie, y= Ae”™ + Be™ + —

Solve: (3D* + D — 14) y = 13¢e*

Solution:

D.Eis (3D>+ D — 14) y = 13e*
AEis3m*+m-14=0
ie,3m*+7m—-6m-—14=0
e m(Bm+7)-2CBm+7)=0
ie,Bm+7)(m-2)=0
“3m+7=00rm-2=0

7

m=-— 75 orm=2 [real and distinct roots

3
. CF= Ae™ + Be™"

= Ae?>*+Be* ...
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1
PI=——(13¢*
3D2+D—14( )
1

=13—— (™
3D2+D—14( )

1 2x

€

6D+1( )

e2x

3x

6(2)+1
C13xe™
13

From (1) & (2), solution is

=13x

7

y=CF+PI= Ae ? + Be™ + xe™
3. Solve: (D*—~6D +9)y=2e*+e*
Solution:
D.Eis(D*—6D +9)y=2¢*+¢*
AEism*—~6m+9=0
LE,(m—-3)*=0
S.m=3,3 (real and equal roots)
S CF=(Ax+B)e™=(Ax+B)e*

1
P =————(2¢"
' D’-6D+ 9( )
1
=2— ("
D> -6D+ 9( )
1
=2— (™)
-1 -6(-D+9
2 e
= == 2
16 8 @
1
PL=————(e*
> D*-6D+9 ©)
=X eBx
2D—6( )
1 2
= x[x.—e“j = X—e3X ............
2 2
From (1), (2) & (3), solution is
y=CF+PI +PlL
—X 2 3x
ie, y= (Ax+ B)e™ + %+ X ;

X

f(x)=3.2>+2-14
=12+2-14=0

f'(D)= 6D+ 1

£'(2)=6(2)+1=13

7= (=1)> —6(-1)+9

=1+6+9
=160

(7(3)=3-63+9=0
f'(D)=2D-6
£'(3)=2(3)-6=0
f"(D)=2
£"(3)=2%0
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5.3 Solution of second order differential equations of the

d’ d :
form a—)z, +b=Y + ¢y = sinmx or cosmx ,

dx dx
where a, b, c, are constants

To find the P.I for the D.E
d2
a—};+ b Cy = sinmx or cos mx
dx dx
Case (i):

PI= 2; (sinmx)
aD"+bD+c¢

1
" f(D) (sinmx) [Replace D* by (-m?) upto the last step]

Case (ii):

PI= FD) (sinmx)

1 : . .
=X (sinmx) [when Dr becomes zero by replacing D* with -m’]

“f'(—m?)

where f'(-a?) #0
The same procedure is to adopted for finding PI when RHS of DE is cos mx.

WORKED EXAMPLES
PART - A
1. Find the C.F for the D.E (D*>+9) y =sin x
Solution:
DE is (D*+9) y =sin x
AEism*+9=0
ie, m>=-9
m=+ /9 =+3i
= (0 £ 13 (imagainary roots)
C.F =e™ (A cos Bx + B sin Bx)
= ¢ (A cos 3x + B cos 3x)
=1 (A cos 3x + B sin 3x)
. C.F=Acos 3x + B sin 3x
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2. Find the C.F for the DE (D*— 10D + 25)y = sin 5x.
Solution:
DE is (D?>— 10D + 25)y = sin 5x
AEism?—10m+25=0
ie,(m-57%=0
. m=15,5 (real and equal roots)
. CF=(Ax+B)e™
=(Ax+B)e™
PART - B
1. Find the PI for the DE (D? + 25) y = cos x.

Solution:

PI= (cosx)

D+ 25
1
=———CosX Replace D by —1°
I+ 25 [Rep Y
COSX
24

2. Find the PI for the De (D*—4) y = sin 3x.

Solution:
PI= L(sin 3x)
D> -4

1
= —45in 3x [Replace D* by —3°

3% _
| sin3x
= ——sin3x=—
-13 13

3. Find the PI for the DE (D? + 16) y = cos 4x.

Solution:

PI

= cos4
D2+16( x)

=X. %(c0s4x)
. f(—4°)=—4*+16

=5Icos4x dx =_-16+16

X sindx  xsin4x =0
2" 4 8 f'(D)= 2D
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PART - C
1. Solve: (D*+ 3D +2) y =sin 2x
Solution:
DE is (D*+ 3D +2) y = sin 2x
AEism*+3m+2=0
ie,(m+2)(m+1)=0
m=—2, -1 (real & distinct roots)
C'F — Aeln]X + Bemzx
=Ae™+Be* ... (1
1
Pl= —— (sin2x
D*+ 3D+ 2( )
1
=————(sin2x Replace D* by — 27
T L [Rep v
1
3D-2
D+2
= 3D+ (sin 2x)
(3D-3)(3D+2)
3ID+2 .
= sin 2x
9D’ —4( )
3D+ 2
=— D? by (-2°
S [D* by (-2)
3D
- 227 2 sin2
—40
1
= ——[3D(sin 2x)+ 2sin 2x
40[ ( ) )
= —i[3cos 2x.2+ 2sin 2x]
40
1 .
= ——.2(3co0s2x+ sin2x)
40
(3cos2x+ sin 2x)
== e 2)
20
From (1) & (2),

Solution is y = CF + PI

1
=Ae ™+ Be —2—0(2 c0s2x + sin 2X)

2. Solve: (D*- 5D + 6) y = x cos 3x
AEism?>-5m+6=0
te(m—-2)(m-3)=0
m=2,m=3
CF = Ae* + Be**
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1
=2 S COS3X
D2—5D+6( )

=2.

m(cos 3x) [Replace D* by —3°
—5D+

1
=2. cos3x
—5D—3( )

1
=-2. SD+3 (cos3x)
=_2. (5D -3) (cos3x)= -2
(5D+3) (5D-3)

5b-3

(5D -3)

cos2x
25D2—9( )

= 2—— " (cos3x) [Replace D* by —3°

25(-3%)-9
_ 5(-sin3x’)—3cos3x
[25(-9)-9
_ (—=15sin3x —3cos3x)
-234

= _L(ISSin3x+ 3cos3x)
117

= —% (5sin3x+cos3X) e, 2)

From (1) & (2)
Solution is y = CF + PI

= Ae” + Be™* %(5 sin3x + cos3x)

3. Solve: (D* + 16)y = cos 4x
Solution:
DE is (D? + 16)y = cos 4x
AEism*+16=0
ie, m>=-16
m’ ==+ /-16
=+i4
=0 + i4 [imaginary roots a = 0, f = 4]
C.F =e™ (A cos fx + B sin Bx)
=¢™ (A cos 4x + B sin 4x)
=Acos4x +Bsin4dx ... (1)
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A e AN U

—_

A e S T

PI= (cos4x) [D? cannnot be replaced by (—4%)

D*+16
1
=X. (—cos4xj
2D

x 1
=—.—(cos4x
5 D( )

= iJ.cos4x dx
2

X sin4dx xsin4x

.............. 2
2 4 8 (2
From (1) & (2),
Solution is y = C.F + P.I
i.e,y=Acos 4x + B sin 4x + xsin4x
EXERCISE

PART - A

If 5 and — 6 are the roots of the auxillary equation of second order differential equation with RHS
zero, write the solution.

If 3, 3 are the roots of the auxillary equation of second order differential equation with RHS zero,
write the solution.

If 5 + 7i roots of the auxillary equation of second order differential equation with RHS zero, write
the solution.

Solve: (D*—-49)y =0

Solve: y" + 12y' + 36y =0

Solve: y, +25y =0

Find the CF of the DE (D*—-3D +2) y =¢™*.

Find the CF of the DE (D*— 7D + 13) y = 5 sin 7x.
Find the CF of the DE (D — 3)* y = 2e* -7 cos 4x.

. Find the CF of the DE (D? - 5D + 6) y = 5> — 3¢cos 9x.

PART - B
2
Solve: j%g—zﬁL y=0
Solve: y" + 6y' + 5y =0
Solve:y, +y, =0
Solve: (D*— 12D + 36)y =0
Solve: (D*+ 13D —90)y =0
Find the PI of (D? + D + 4)y = 10e*~.
Find the PI of (D?— 8D + 15)y = .
Find the PI of (D? — 4D + 4)y = 3¢*.

Find the PI of (D? + 10)y = sin3x.
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10. Find the PI of (D*— 2D — 8)y = 5 sin x.

PART - C
1. Solve: (D*+ 36)y =0, when y(0) = 2 and y'(0) = 12.

d’y . dy
2. Solve: —+y=0, — =2&y=1wh =0.
olve dx2+y 0, given dx y when x
d 2
3. Solve:y, -2y + 15y =0, given —y=0, d—}; =2 whenx=0.
dx dx
4. Solve: (D*-~D —-20)y =0, giveny (0) =5 and y'(0) =-2.

Solve: (D? + 3D + 2)y = 0 if y(0) = 1 and y'(0) = 0.

hd

Solve: (2D* + 5D +2)y = 3% .

Solve: (D*+ 14D +49)=¢ ™ + 4,
Solve: (D*— 13D + 12)y = e > + 5e*.
Solve: (D*—5D + 19)y =2 e — 3¢,
10. Solve: (5D?>+D + 1)y =4 e,

11. Solve: (D*—3D +2) y = 3¢ + 4¢*,
12. Solve: (D*+ D + 1)y =2e*—45.

13. Solve: (D* + 4)y = sin 3x

14. Solve: (D*+ 3D + 2)y = sin 2x

15. Solve: (4D>— 12D +9) =7 cos 2x

16. Solve: (D*+ 2D + 1)y = sin x + cos 3x
17. Solve: (D*+ 1)y =e*—3 cos x

18. Solve: (D*—25)y = sin 2x

19. Solve: (D* + 9)y = sin 3x

20. Solve: (D*+ 7D + 6)y =2e™>+4 cos 5x — 7

A e

ANSWERS
PART -A
(1) y=Ae>™+Be® (2) y=(Ax+B)e* (3) y=¢> (A cos 7x + B sin 7x)
(4) y=Ae™+Be™ (5) y=(Ax+B)e®™ (6) y=A+Be ™
(7) C.F=Ae*+ Be* 8) C.F= e%x {Acosg)ﬁ Bsin?x} (9) CF=(Ax+B)e*
(10) C.F = Ae* + Be*
PART - B

o \
(1 yzeALAcos§x+ Bsingx) Q) y=Ae>*+Be* (3)y=A+Be
3x

(4) y=(Ax + B) ¢ (5) y =Ae '™ + Be™ (6) e (7) — Xez

3X262X
2

(®) (9) sin 3x (10) % (2cosx —9sinx)
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PART - C

(1) y=2cos 6x + 2 sin 6x (2) y=cosx+2sinx

(4) y=2e>+3e™* (5) y=2e*+e=*
2

4
(7) y=(Ax+B)e ™™ + 2o 4 —
y=( ) 2 49

5x ( \/ﬁ \/ﬁ \\ 2esx

(9) y=e?| Acos——x+ Bsin
L 2 2

V19 J19 )

,L( 4e—6x
10 =e 9 Acos——x+ Bsin——x |+
(10) y=¢ 7| AcosT 10 ")

175

eAx

= Ae*+ Be™ + + 4xe™
an y n

\B\ 2¢e”
+

(12) yzeiz Acos£x+ Bsin—x —45
k 2 2 J 3

sin3x

(13) y= Acos2x+ Bsin2x —

-2x

1 .
(14) y=Ae "+ Be —2—0(3cos2x+s1n2x)

3x

= 1
(15) y=(Ax+ B)e? —5(49c052x+16sin2x)

(16) y=(Ax+B)e™ —%cosx—ﬁ(8cos3x—6sin3x)

4x

17 :Acosx+Bsinx+e —3—Xsinx
17y y
17 2
sin 2x
18) y=Ae™+Be ™ ———
(18) y Y
X cos3x

(19) y= Acos3x+ Bsin3x —

2xe " 1
20
(20) 5 1586

(8) y=Ae* + Ae"™* +

_i65x+ie—3x
() Y=%° "2

1

1
(6) y=Ae 2X+Be’2"+§e 2"

e 5xet

42 11

y=Ae *+Be * + ——+ ——(35sin5x —19sin3x)—%
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